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2
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�, G. Dloussky, A. Tomassini, On Bott-Chern cohomology of compact complex surfaces,

arXiv:1402.2408 [math.DG].
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Cor (Voisin; Wu; Tomasiello; �, A. Tomassini)

The property of satisfying the ∂∂-Lemma is open under

deformations.
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Problem:
what happens for limits?

If Jt satis�es ∂∂-Lem for any t 6= 0, does J0 satisfy ∂∂-Lem, too?

We need tools for investigating explicit examples. . .



Cohomological properties of non-Kähler manifolds, xxi
techniques of computations � nilmanifolds, i

X compact cplx mfd. We want to compute H
•,•
BC (X ).

Hodge theory reduces the probl to a pde system: �xed g Hermitian
metric, there is a 4th order elliptic di�erential operator ∆BC s.t.

H
•,•
BC (X ) ' ker∆BC =

{
u ∈ ∧p,qX : ∂u = ∂u =

(
∂∂
)∗

u
}
.

For some classes of homogeneous mfds, the solutions of this system

may have further symmetries, which reduce to the study of ∆BC on

a smaller space. If this space is �nite-dim, we are reduced to solve a

linear system.

M. Schweitzer, Autour de la cohomologie de Bott-Chern, arXiv:0709.3528 [math.AG].
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a smaller space. If this space is �nite-dim, we are reduced to solve a

linear system.

M. Schweitzer, Autour de la cohomologie de Bott-Chern, arXiv:0709.3528 [math.AG].
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In other words, we would like to reduce the study to a H]-model,

that is, a sub-algebra

ι :
(
M•,•, ∂, ∂

)
↪→
(
∧•,•X , ∂, ∂

)
such that H](ι) isomorphism, where ] ∈

{
dR, ∂, ∂, BC , A

}
.

We are interested in H]-computable cplx mfds, that is, admitting a

H]-model being �nite-dimensional as a vector space.
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Thm (Nomizu)

X = Γ\G nilmanifold (compact quotients of

connected simply-connected nilpotent Lie groups G by

co-compact discrete subgroups Γ).

Then it is HdR -computable.

More precisely, the �nite-dimensional sub-space

of forms being invariant for the left-action

G y X is a HdR -model.

Tj0 �
� // X = Γ\G

��
Tj1 �
� // X1

��
...

��
Tjk �
� // Xk

��
Tjk+1
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Thm (Nomizu; Console and Fino; �; et al.)

X = Γ\G nilmanifold

, endowed with a �suitable� left-invariant cplx

structure.

Then:

de Rham cohom (Nomizu)

Dolbeault cohom (Sakane, Cordero, Fernández, Gray, Ugarte, Console, Fino, Rollenske)

Bott-Chern cohom (�)

can be computed by considering only left-invariant forms.

K. Nomizu, On the cohomology of compact homogeneous spaces of nilpotent Lie groups, Ann. of

Math. (2) 59 (1954), no. 3, 531�538.

S. Console, A. Fino, Dolbeault cohomology of compact nilmanifolds, Transform. Groups 6 (2001),

no. 2, 111�124.

�, The cohomologies of the Iwasawa manifold and of its small deformations, J. Geom. Anal. 23

(2013), no. 3, 1355-1378.
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Iwasawa manifold:

I3 := (Z [i])3
∖

 1 z1 z3

0 1 z2

0 0 1

 ∈ GL
(
C3
)

holomorphically-parallelizable nilmanifold

left-inv co-frame for
(
T 1,0I3

)∗
:{

ϕ1 := d z1, ϕ2 := d z2, ϕ3 := d z3 − z1 d z2
}

structure equations:
dϕ1 = 0

dϕ2 = 0

dϕ3 = −ϕ1 ∧ ϕ2



Cohomological properties of non-Kähler manifolds, xxxv
Iwasawa manifold, ii

Iwasawa manifold:

I3 := (Z [i])3
∖

 1 z1 z3

0 1 z2

0 0 1

 ∈ GL
(
C3
)

holomorphically-parallelizable nilmanifold

left-inv co-frame for
(
T 1,0I3

)∗
:{

ϕ1 := d z1, ϕ2 := d z2, ϕ3 := d z3 − z1 d z2
}

structure equations:
dϕ1 = 0

dϕ2 = 0

dϕ3 = −ϕ1 ∧ ϕ2



Cohomological properties of non-Kähler manifolds, xxxvi
Iwasawa manifold, iii

Iwasawa manifold:

I3 := (Z [i])3
∖

 1 z1 z3

0 1 z2

0 0 1

 ∈ GL
(
C3
)

holomorphically-parallelizable nilmanifold

left-inv co-frame for
(
T 1,0I3

)∗
:{

ϕ1 := d z1, ϕ2 := d z2, ϕ3 := d z3 − z1 d z2
}

structure equations:
dϕ1 = 0

dϕ2 = 0

dϕ3 = −ϕ1 ∧ ϕ2



Cohomological properties of non-Kähler manifolds, xxxvii
Iwasawa manifold, iv

Iwasawa manifold:

I3 := (Z [i])3
∖

 1 z1 z3

0 1 z2

0 0 1

 ∈ GL
(
C3
)

holomorphically-parallelizable nilmanifold

left-inv co-frame for
(
T 1,0I3

)∗
:{

ϕ1 := d z1, ϕ2 := d z2, ϕ3 := d z3 − z1 d z2
}

structure equations:
dϕ1 = 0

dϕ2 = 0

dϕ3 = −ϕ1 ∧ ϕ2



Cohomological properties of non-Kähler manifolds, xxxviii
Iwasawa manifold, v

0

0

1

1

2

2

3

3

Left-invariant forms

provide a �nite-dim

cohomological-model

for the Iwasawa

manifold.
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Thm (Nakamura)

There exists a locally complete complex-analytic family of complex

structures, deformations of I3, depending on six parameters. They can be

divided into three classes according to their Hodge numbers

Bott-Chern yields a �ner classi�cation of Kuranishi space of I3 (�).

class h1
∂

h1
BC

h2
∂

h2
BC

h3
∂

h3
BC

h4
∂

h4
BC

h5
∂

h5
BC

(i) 5 4 11 10 14 14 11 12 5 6

(ii.a) 4 4 9 8 12 14 9 11 4 6
(ii.b) 4 4 9 8 12 14 9 10 4 6

(iii.a) 4 4 8 6 10 14 8 11 4 6
(iii.b) 4 4 8 6 10 14 8 10 4 6

b1 = 4 b2 = 8 b3 = 10 b4 = 8 b5 = 4

I. Nakamura, Complex parallelisable manifolds and their small deformations, J. Di�er. Geom. 10

(1975), no. 1, 85�112.



Cohomological properties of non-Kähler manifolds, xl
Iwasawa manifold, vii

Thm (Nakamura)

There exists a locally complete complex-analytic family of complex

structures, deformations of I3, depending on six parameters. They can be

divided into three classes according to their Hodge numbers

Bott-Chern yields a �ner classi�cation of Kuranishi space of I3 (�).

class h1
∂

h1
BC

h2
∂

h2
BC

h3
∂

h3
BC

h4
∂

h4
BC

h5
∂

h5
BC

(i) 5 4 11 10 14 14 11 12 5 6

(ii.a) 4 4 9 8 12 14 9 11 4 6
(ii.b) 4 4 9 8 12 14 9 10 4 6

(iii.a) 4 4 8 6 10 14 8 11 4 6
(iii.b) 4 4 8 6 10 14 8 10 4 6

b1 = 4 b2 = 8 b3 = 10 b4 = 8 b5 = 4

I. Nakamura, Complex parallelisable manifolds and their small deformations, J. Di�er. Geom. 10

(1975), no. 1, 85�112.



Cohomological properties of non-Kähler manifolds, xli
Iwasawa manifold, viii

More in general:

any left-invariant complex structure on a 6-dim nilmfd admits a

�nite-dim cohomological-model (except, perhaps, h7)

 cohomol classi�cation of 6-dim nilmfds with left-inv cplx struct.

�, M. G. Franzini, F. A. Rossi, Degree of non-Kählerianity for 6-dimensional nilmanifolds,

arXiv:1210.0406 [math.DG].

A. Latorre, L. Ugarte, R. Villacampa, On the Bott-Chern cohomology and balanced Hermitian

nilmanifolds, arXiv:1210.0395 [math.DG].
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Problem:

what about closedness of ∂∂-

Lemma under limits?

But:

non-tori nilmanifolds never satisfy ∂∂-Lemma (Hasegawa);

tori are closed (Andreotti and Grauert and Stoll).

Therefore:

consider solvmanifolds (compact quotients of connected simply-connected

solvable Lie groups by co-compact discrete subgroups).

K. Hasegawa, Minimal models of nilmanifolds, Proc. Amer. Math. Soc. 106 (1989), no. 1, 65�71.

A. Andreotti, W. Stoll, Extension of holomorphic maps, Ann. of Math. (2) 72 (1960), no. 2,

312�349.
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Several tools have been developed for computing cohomologies of

solvmanifolds with left-inv cplx structure

, and of their deformations

(H. Kasuya; �, H. Kasuya).

A. Hattori, Spectral sequence in the de Rham cohomology of �bre bundles, J. Fac. Sci. Univ.

Tokyo Sect. I 8 (1960), no. 1960, 289�331.

P. de Bartolomeis, A. Tomassini, On solvable generalized Calabi-Yau manifolds, Ann. Inst. Fourier

(Grenoble) 56 (2006), no. 5, 1281�1296.

H. Kasuya, Minimal models, formality and hard Lefschetz properties of solvmanifolds with local

systems, J. Di�er. Geom. 93, (2013), 269�298.

H. Kasuya, Techniques of computations of Dolbeault cohomology of solvmanifolds, Math. Z. 273

(2013), no. 1-2, 437�447.
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Cohomological properties of non-Kähler manifolds, xlvii
∂∂-Lemma and deformations � part II, i

Thanks to these tools:

Thm (�, H. Kasuya)

The property of satisfying the ∂∂-Lemma is non-closed under

deformations.

�, H. Kasuya, Cohomologies of deformations of solvmanifolds and closedness of some properties,

arXiv:1305.6709 [math.CV].
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The Lie group

Cnφ C2 dove φ(z) =

(
ez 0

0 e−z

)
.

admits a lattice: the quotient is called Nakamura manifold.

Consider the small deformations in the direction

t
∂

∂z1
⊗ d z̄1 .

�
�

�
 the previous theorems furnish �nite-dim sub-complexes to

compute Dolbeault and Bott-Chern cohomologies.
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dimC H
•,•
] Nakamura deformations

dR ∂̄ BC dR ∂̄ BC

(0, 0) 1 1 1 1 1 1

(1, 0)
2

3 1
2

1 1

(0, 1) 3 1 1 1

(2, 0)
5

3 3

5

1 1

(1, 1) 9 7 3 3

(0, 2) 3 3 1 1

(3, 0)

8

1 1

8

1 1

(2, 1) 9 9 3 3

(1, 2) 9 9 3 3

(0, 3) 1 1 1 1

(3, 1)
5

3 3

5

1 1

(2, 2) 9 11 3 3

(1, 3) 3 3 1 1

(3, 2)
2

3 5
2

1 1

(2, 3) 3 5 1 1

(3, 3) 1 1 1 1 1 1



Generalized-complex geometry, i
generalized-complex structures, i

Cplx structure:

J : TX
'→ TX satisfying an algebraic condition (J2 = − idTX )

and an analytic condition (integrability in order to have

holomorphic coordinates).

Sympl structure:

ω : TX
'→ T ∗X satisfying an algebraic condition (ω non-deg

2-form) and an analytic condition (dω = 0).
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Generalized-complex geometry, iii
generalized-complex structures, iii

Hence, consider the bundle TX ⊕ T ∗X .

Note that it admits a natural

bilinear pairing: 〈X + ξ|Y + η〉 = 1

2
(ιXη + ιY ξ).

Mimicking the def of cplx and sympl structures:'

&

$

%

a generalized-complex structure on a 2n-dim mfd X is a

J : TX ⊕ T ∗X → TX ⊕ T ∗X

such that J 2 = − idTX⊕T∗X , being orthogonal wrt 〈−|=〉, and
satisfying an integrability condition.

N. J. Hitchin, Generalized Calabi-Yau manifolds, Q. J. Math. 54 (2003), no. 3, 281�308.

M. Gualtieri, Generalized complex geometry, Oxford University DPhil thesis, arXiv:math/0401221

[math.DG].

G. R. Cavalcanti, New aspects of the ddc -lemma, Oxford University D. Phil thesis,

arXiv:math/0501406 [math.DG].
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Generalized-cplx geom uni�es cplx geom and sympl geom:

J cplx struct: then

J =

(
−J 0

0 J∗

)
is generalized-complex;

ω sympl struct: then

J =

(
0 −ω−1
ω 0

)
is generalized-complex.
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Generalized-complex geometry, x
cohomological properties of symplectic manifolds, i

This explains the parallel between the cplx and sympl contexts:

e.g.,

for a symplectic manifold, consider the operators

d : ∧• X → ∧•+1X and dΛ := [d,−ιω−1 ] : ∧• X → ∧•−1X

as the counterpart of ∂ and ∂ in complex geometry.

De�ne the cohomologies

H•BC ,ω(X ) :=
ker d∩ ker dΛ

im d dΛ
and H•A,ω(X ) :=

ker d dΛ

im d+ im dΛ
.

L.-S. Tseng, S.-T. Yau, Cohomology and Hodge Theory on Symplectic Manifolds: I. II, J. Di�er.

Geom. 91 (2012), no. 3, 383�416, 417�443.

L.-S. Tseng, S.-T. Yau, Generalized Cohomologies and Supersymmetry, Comm. Math. Phys. 326

(2014), no. 3, 875�885.
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as the counterpart of ∂ and ∂ in complex geometry.
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Thm (Merkulov; Guillemin; Cavalcanti; �, A. Tomassini)

Let X be a 2n-dim cpt symplectic mfd.

Then, for any k,

dimR Hk
BC ,ω(X ) + dimR Hk

A,ω ≥ 2 dimR Hk
dR(X ;R) .

Furthermore, the following are equivalent:

X satis�es d dΛ-Lemma (i.e., Bott-Chern and de Rham cohom are natur isom);

X satis�es Hard Lefschetz Cond (i.e., [ωk ] : Hn−k
dR

(X )→ Hn+k
dR

(X ) isom ∀k);

equality dimHk
BC ,ω(X ) + dimHk

A,ω = 2 dimHk
dR(X ;R) holds for any k.
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