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PRINCIPAL IDEAS

@ There exist several conomologies on symplectic manifolds: harmonic,
primitive, filtered and coeffective. All of them appear independently in
the literature.

Objective 1 | Relate all these cohomologies by defining the generalized

coeffective conomology.
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PRINCIPAL IDEAS

@ There exist several conomologies on symplectic manifolds: harmonic,
primitive, filtered and coeffective. All of them appear independently in
the literature.

Objective 1 | Relate all these cohomologies by defining the generalized
coeffective conomology.

@ Harmonic, primitive and filtered conomologies are defined in terms of
d", 9., d_ and therefore these cohomologies are difficult to compute.

Objective 2 | Provide a coeffective version of these cohomologies so

that computations are easier.
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PRINCIPAL IDEAS

@ There exist several conomologies on symplectic manifolds: harmonic,
primitive, filtered and coeffective. All of them appear independently in
the literature.

Objective 1 | Relate all these cohomologies by defining the generalized
coeffective conomology.

@ Harmonic, primitive and filtered conomologies are defined in terms of
d", 9., d_ and therefore these cohomologies are difficult to compute.

Objective 2 | Provide a coeffective version of these cohomologies so

that computations are easier.

© The dimension of all these cohomology groups can vary when the
symplectic form does (notion of flexibility).

Objective 3 | Study harmonic and filtered flexibility in terms of coeffective
flexibility.
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SYMPLECTIC HARMONICITY |

@ (M2" w) symplectic manifold.
@ O*(M) the space of differential forms on M.

[Brylinski 88] a € Q*(M) is symplectically harmonic if da = 0 = d"a.
(d" is the adjoint of d with respect to x,,.)

@ Notation: Q;.(M).
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@ (M2" w) symplectic manifold.
@ O*(M) the space of differential forms on M.

[Brylinski 88] a € Q*(M) is symplectically harmonic if da = 0 = d"a.
(d" is the adjoint of d with respect to x,,.) J

@ Notation: Q;.(M).

@ Problem: there are non-zero exact symplectically harmonic forms
(important difference w.r.t. the usual Hodge Theory).
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SYMPLECTIC HARMONICITY |

@ (M2" w) symplectic manifold.

@ O*(M) the space of differential forms on M.

[Brylinski 88] a € Q*(M) is symplectically harmonic if da = 0 = d"a.
(d" is the adjoint of d with respect to x,,.) J

@ Notation: Q;.(M).

@ Problem: there are non-zero exact symplectically harmonic forms
(important difference w.r.t. the usual Hodge Theory).

Qq M
Symplectically harmonic cohomology: H (M) = (Qq(M)(m)m 3 }
i

o HI(M) £ HI(M), g=0,....2n.
Yes <— HLC (Lk H—K — H™K k=1,...,n).
[Mathieu 95], [Yan 96]
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SYMPLECTIC HARMONICITY Il

Theorem [Ibafez-Rudyak-Tralle-Ugarte 01], [Yamada 02]
o Hi(M) = PI(M,w) + L(HZ(M)), ¢=0,...,n,
o HI(M) =Im {L9—": H2""9(M) — HI(M)), g=n+1,...,2n,

where

PI(M) = {[a] € HI(M) | L"9"'[a] = 0} C HZ(M).
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SYMPLECTIC HARMONICITY Il

Theorem [Ibafez-Rudyak-Tralle-Ugarte 01], [Yamada 02]
® HI(M) = PI(M,w) + L(HI*(M)), g=0,....n,
o HI(M) =Im {L9—": H2""9(M) — HI(M)), g=n+1,...,2n,

where

PI(M) = {[a] € HI(M) | L"9"'[a] = 0} C HZ(M).

If (M1, w) is of finite type: hq(M) = dim HZ (M) is finite.
@ hj=b;fori=0,1,2.

@ If (M?" w) is closed: hop = ban, han_y is even.
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PRIMITIVE COHOMOLOGIES [Tseng-Yau | & II, 12]

New finite dimensional cohomologies on symplectic manifolds that
contain unique harmonic representative within each class:
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PRIMITIVE COHOMOLOGIES [Tseng-Yau | & II, 12]

New finite dimensional cohomologies on symplectic manifolds that
contain unique harmonic representative within each class:

@ [Tseng-Yau |, 12] Idea: Bott-Chern and Aeppli in the symplectic
setting.

Ker (d + d") Ker da”"

e e R A T™ d+Imd"

Primitive cohomologies: PHjerA and PH_,.. forg < n.
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PRIMITIVE COHOMOLOGIES [Tseng-Yau | & II, 12]

New finite dimensional cohomologies on symplectic manifolds that
contain unique harmonic representative within each class:

@ [Tseng-Yau |, 12] Idea: Bott-Chern and Aeppli in the symplectic
setting.

Ker (d + d") Ker da”"

e e R A T™ d+Imd"

Primitive cohomologies: PH;, ;. and PH,

. g forg <n.

@ [Tseng-Yau Il, 12] Idea: Dolbeault in symplectic case:
d= (9+ +wAO_
H;, and Hj .

Primitive cohomologies: PHS and PH] ,forg<n—1.
O+ —
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FILTERED COHOMOLOGIES [Tsai-Tseng-Yau lll, 14]

{PHg4n, PHagn, PH;, , PH; } are primitive cohomologies.
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FILTERED COHOMOLOGIES [Tsai-Tseng-Yau lll, 14]

{PHg,4n, PHagn, PH;, , PH; } are primitive cohomologies.

Idea: There exist non-primitive ones?
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FILTERED COHOMOLOGIES [Tsai-Tseng-Yau lll, 14]

{PHg,4n, PHagn, PH;, , PH; } are primitive cohomologies.
Idea: There exist non-primitive ones?

Filtered conomologies: FPH{, FPHY, for g =0,...,n+ p, and
p=0,...,n, that extend the primitive ones.

R. Villacampa (C.U.D - LU.M.A.) Cohomologies on Symplectic Manifolds

Parma, November 28th, 2014 6/24



FILTERED COHOMOLOGIES [Tsai-Tseng-Yau lll, 14]

{PHg,4n, PHagn, PH;, , PH; } are primitive cohomologies.

Idea: There exist non-primitive ones?

Filtered conomologies: FPH{, FPHY, for g =0,...,n+ p, and
p=0,...,n, that extend the primitive ones.

Relations between cohomologies for closed symplectic manifolds:

° PHg+ =PH] ,g<n-1.
® PH,. = Hg+dA, g<n.
o FPHT™P = PHIP.

® FPH™P = PH} F,.
o FPH] = FPHI.
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COEFFECTIVE COHOMOLOGY |

Definition [Bouché 90]
(M). J

a € Q*(M) is coeffective if L,(a) := a Aw = 0. Notation: €/,

o d(ef (M) c el (m).

(1)
m {d : &' (M) — &}, (M)}

Ker {d : €}, (M) — ¢\ (M)}
Coeffective cohomology: Hy (M) =

@ L,: 09— QI*2injectiveVg< n—1 = H/
o H} (M) =HIM), q=2n.

m(M):O, vg<n-1.
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COEFFECTIVE COHOMOLOGY Il
If (M2, w) is of finite type:

Hey(M), .., HIT (M), HEy (M), HEET (M), . HER (M)

(1) (1)
=0 are finite aﬁnensional
Notation: ¢§/(M) = dim H{, (M), q>n+1.
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If (M2, w) is of finite type:

Hey(M), .., HIT (M), HEy (M), HEET (M), . HER (M)

(1) (1)
=0 are finite aﬁnensional
Notation: ¢§/(M) = dim H{, (M), q>n+1.
Problem: H(”1)(M) can be infinite dimensional J
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COEFFECTIVE COHOMOLOGY Il
If (M2, w) is of finite type:

HO(M). . HE (M), HEy (M), HES (M), . HE(M)

=0 are finite dimensional

Notation: ¢§/(M) = dim H{, (M), q>n+1.

Problem: H(”1)(M) can be infinite dimensional

[Fernandez-lbanez-de Le6n 98] For ¢ > n+ 1:

by — b2 < ¢ < bg + by 1.
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COEFFECTIVE COHOMOLOGY Il
If (M2, w) is of finite type:

HO(M). . HE (M), HEy (M), HES (M), . HE(M)

=0 are finite dimensional

Notation: ¢§/(M) = dim H{, (M), q>n+1.

Problem: H(”1)(M) can be infinite dimensional

[Fernandez-lbanez-de Le6n 98] For ¢ > n+ 1:

bq - bq_|_2 S CgI) S bq + bq+1 .

® HLC = by — bgio = ci.
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COEFFECTIVE COHOMOLOGY Il
If (M2, w) is of finite type:

HO(M). . HE (M), HEy (M), HES (M), . HE(M)

=0 are finite dimensional

Notation: ¢§/(M) = dim H{, (M), q>n+1.

Problem: H(”1)(M) can be infinite dimensional

[Fernandez-lbanez-de Le6n 98] For ¢ > n+ 1:

bq - bq_|_2 S C((:,1) S bq + bq+1 .

® HLC = by — bgio = ci.

@ wexact = by + bgy1 = cf;).
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Kk-COEFFECTIVE COHOMOLOGIES |

o € Q*(M) is k-coeffective if Lf(a) := a Awk = 0. Notation: Q?k)(M). J
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Kk-COEFFECTIVE COHOMOLOGIES |

o € Q*(M) is k-coeffective if Lf(a) := a Awk = 0. Notation: (’:?k)(M). J

Ker {d : €, (M) — ¢f (M)}
Im {d: ¢f (M) — €f (M)}

k-Coeffective conomology: H&)(M) =

R. Villacampa (C.U.D - LU.M.A.) Cohomologies on Symplectic Manifolds Parma, November 28th, 2014 9/24



Kk-COEFFECTIVE COHOMOLOGIES |

o € Q*(M) is k-coeffective if Lf(a) := a Awk = 0. Notation: @:?k)(M). J

Ker {d : €, (M) — ¢f (M)}

k-Coeffective conomology: H}\ (M) = — :
() Im {d : ¢f;" (M) — €], (M)}

If (M2",w) is of finite type:

0 n—k n—k+1 n—k+2 2n—2k+1 2n—2k+2 2n
Hior - il Mg HG' 2, 2T, G2, HE

=0 =H9

o .
are finite dimensional

R. Villacampa (C.U.D — .U.M.A.)

Cohomologies on Symplectic Manifolds Parma, November 28th, 2014 9/24



Kk-COEFFECTIVE COHOMOLOGIES |

o € Q*(M) is k-coeffective if Lf(a) := a Awk = 0. Notation: @:?k)(M). J

Ker {d : €, (M) — ¢f (M)}

k-Coeffective conomology: H}\ (M) = — :
() Im {d : ¢f;" (M) — €], (M)}

If (M2",w) is of finite type:

HO

n—k n—k-+1 n—k+2 2n—2k+1 2n—2k+2 2n
B oo i HiG ' HOGE, L R B2 e
=0 —Ha
are finite dimensional
Problem: H(”k‘)’“r1 (M) can be infinite dimensional J
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Kk-COEFFECTIVE COHOMOLOGIES Il

Notation: ¢ (M) = dim H\ (M), q>n—k+2.

)
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K-COEFFECTIVE COHOMOLOGIES Il
Notation: ¢ (M) = dim H\ (M), q>n—k+2.

bg — bg ok < Cf-,k) < bg + bgy2k—1- (1)

@ HLC —> by — byyax = ¢,

@ w exact = bg + bgyok—1 = cgk).
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K-COEFFECTIVE COHOMOLOGIES Il
Notation: ¢ (M) = dim H\ (M), q>n—k+2.

by — bgok < ¢ < by + by ak_1. (1)

® HLC = by — by = 4.
@ w exact = bg + bgyok—1 = cgk).
Objective
Define a new group for degree n — k + 1 such that:
@ ltis finite dimensional.
@ Its dimension satisfies similar inequalities to (1)
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GENERALIZED COEFFECTIVE COHOMOLOGIES

If (M?",w) is of finite type, for degree n — k + 1 we define a new
finite-dimensional space (using a long exact sequence in cohomology)

Definition
X Hn k+1 (M) N
TOHRM)

@ bp_k+1 — bnpks1 < Crky1 < bp_k41 (HLC and exact ==)
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GENERALIZED COEFFECTIVE COHOMOLOGIES

If (M?",w) is of finite type, for degree n — k + 1 we define a new

finite-dimensional space (using a long exact sequence in cohomology)

Definition
Hn k-+1 (M)

H"*"(L" (Qk(M)))
HA=k(M)

Fn=k+ (M) = dim A" KM = &, k44

@ bp_k+1 — bnpks1 < Crky1 < bp_k41 (HLC and exact ==)

Generalized coeffective cohomology

Hn k+1 Hn k+2

2n
() ) ..7H(k)’ 1§k§n.
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GENERALIZED COEFFECTIVE COHOMOLOGIES

If (M?",w) is of finite type, for degree n — k + 1 we define a new

finite-dimensional space (using a long exact sequence in cohomology)

Definition
X Hn k+1 (M) N
TOHRM)

@ bp_k+1 — bnpks1 < Crky1 < bp_k41 (HLC and exact ==)

Generalized coeffective cohomology

Hn k+1 Hn k+2

2n
() ) ..7H(k)’ 1§k§n.

2n

o XWI(M) = (—1)1FH18, i+ 3 (—1)c!
i=n—k+2
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GENERALIZED COEFFECTIVE COHOMOLOGIES

If (M?",w) is of finite type, for degree n — k + 1 we define a new
finite-dimensional space (using a long exact sequence in cohomology)
Definition
n—k+1
/ﬁlnfk+1 (M) _ H(k) (M)

HrHk(LE (QK(M))) ©
H—k(M)

dim A" KTY(M) = &, ki1

@ bn_ki1 — bpikt1 < Crkt1 < bp_k41 (HLC and exact ==)

Generalized coeffective cohomology

Hn k+1 Hn k+2

K H(k) 1<k<n.

2n . n+k '
o xOM) = ()" e i+ Y (-1 = 3 (-1)b
i=n—k+2 i=n—k+1
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GENERALIZED COEFFECTIVE COHOMOLOGIES

If (M?",w) is of finite type, for degree n — k + 1 we define a new
finite-dimensional space (using a long exact sequence in cohomology)

Definition
Hn—k+1 (M)
P (k) e "
Hn k+1(M) = W dim H" k+1(M) = Gp_kat-
THRWM)

@ bp_k1 — bnpks1 < Crkyt < bp_k41 (HLC and exact ==)

Generalized coeffective cohomology

B i H("k—)k+2, o H(2k"), 1<k<n.

2n n+k
o XM = ()"t D (= 3 ()b
i=n—k+2 i=n—k+1

topological invariant.
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RELATIONS BETWEEN COEFFECTIVE AND HARMONIC
COHOMOLOGIES

Theorem

Let (M?", w) be a symplectic manifold of finite type. The following
relation holds for every k =1,..., n:

Pn—k+1 — Pnik1 = Cnks1-
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RELATIONS BETWEEN COEFFECTIVE AND HARMONIC
COHOMOLOGIES

Theorem

Let (M?", w) be a symplectic manifold of finite type. The following
relation holds for every k =1,..., n:

Pn—k+1 — Pnik1 = Cnks1-

&n—1
I 1
&

| |
h07 h17 h27 "’7hf77 hn+17 hn+27 ---7h2n

No relation for hp 1.
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EXTENSIONS OF THE GENERALIZED COEFFECTIVE
COMPLEXES |

The coeffective complexes are not elliptic in degree n — k + 1 (that is
the reason for which H(”k‘)’“r1 can be infinite dimensional).
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EXTENSIONS OF THE GENERALIZED COEFFECTIVE
COMPLEXES |

The coeffective complexes are not elliptic in degree n — k + 1 (that is
the reason for which H(”k‘)"+1 can be infinite dimensional).

Idea: Construct an elliptic extension of the coeffective complexes.
([Eastwood 12] for k = 1.)
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EXTENSIONS OF THE GENERALIZED COEFFECTIVE
COMPLEXES |

The coeffective complexes are not elliptic in degree n — k + 1 (that is
the reason for which H(”k‘)"+1 can be infinite dimensional).

Idea: Construct an elliptic extension of the coeffective complexes.
([Eastwood 12] for k = 1.)

Q09 9 gkt d 9ok d_ d gnik—2 d_nik-t
08 & ) Q0 )

D

- 02n_ 9 . _9d o2n-2kt _d g2n-2k _d _d gn—k+2 _d en—k+i

0=—0 & ) k) k)

here 09 (M) = — 2 (M) d is induced by d, and Di d
where (k)( )_W, is induced by d, an is secon

order operator.
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EXTENSIONS OF THE GENERALIZED COEFFECTIVE
COMPLEXES Il

Cohomology groups: Flg()(M), forg=0,...,2n+ 2k — 1. J
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EXTENSIONS OF THE GENERALIZED COEFFECTIVE
COMPLEXES Il

Cohomology groups: I:I&)(M), forg=0,...,2n+2k — 1.

10 r2k—2 2k—1 in+k o yn+-k+1 2n+2k—1
e - HRT2, RN L Fpsk, Fpskt
—Ha :H(%’zkﬁ
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EXTENSIONS OF THE GENERALIZED COEFFECTIVE
COMPLEXES Il

Cohomology groups: FI(%(M), forg=0,...,2n+2k — 1.

/0 L2k—2 [42k—1 n+k  n+k+1 y2n+2k—1
oy - A2 FRET L HOSK, skt R
— Ha :H(%’zkw
o If (M2, w) is of finite type, & (M) = dim H, (M) finite vq.
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EXTENSIONS OF THE GENERALIZED COEFFECTIVE
COMPLEXES Il

Cohomology groups: Fl(qk)(M), forg=0,...,2n+2k — 1.

/0 L2k—2 [42k—1 n+k  n+k+1 y2n+2k—1
oy - A2 FRET L HOSK, skt R
— Ha :H(%’zkw
o If (M2, w) is of finite type, & (M) = dim H, (M) finite vq.

o (K
bg2k11 — bgi1 < Cé ) < bg_2k+1 + bg-
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EXTENSIONS OF THE GENERALIZED COEFFECTIVE
COMPLEXES Il

Cohomology groups: Fl(qk)(M), forg=0,...,2n+2k — 1.

0 j2k—2  [42k—1 n+k - yn+-k+1 £2n+2k—1
oy, . HRET2 RSN HOSk oSk Rkt

= Ha =2kt
= Hy

o If (M2",4) is of finite type, & (M) = dim HZ

% (M) finite vq.

o (K
bg2k11 — bgi1 < Cé ) < bg_2k+1 + bg-

» HLC = bg_2k+1 — bg1 = égyk)-
> wexact = by_ok1 + bg = éék)-
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RELATIONS BETWEEN COEFFECTIVE AND PRIMITIVE
COHOMOLOGIES

These last cohomology groups allow us to recover all the primitive

cohomology groups [Tseng-Yau 12] via the filtered cohomology groups
[Tsai-Tseng-Yau 14]:
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RELATIONS BETWEEN COEFFECTIVE AND PRIMITIVE
COHOMOLOGIES

These last cohomology groups allow us to recover all the primitive
cohomology groups [Tseng-Yau 12] via the filtered cohomology groups
[Tsai-Tseng-Yau 14]:

PHY (M) = FOHI(M) = H} (M), 0<g<n-1,

PH] (M) = FOHI(M) = HZ97 (M) = HE9(M),  0<q<n—1;

PH A (M) =2 PRV H P ‘(M) HiSE (M), 1 <k<n,

PHI KT (M) 2 FR=THT AT (M) = H(",j)k(M), 1<k<n.
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RELATIONS BETWEEN COEFFECTIVE AND PRIMITIVE
COHOMOLOGIES

These last cohomology groups allow us to recover all the primitive
cohomology groups [Tseng-Yau 12] via the filtered cohomology groups
[Tsai-Tseng-Yau 14]:

PHJ (M) = FOHI(M) = Hiy (M), 0<qg<n—1

PH] (M) = FOHI(M) = HE-9H (M) = HE9(M),  0<q<n-1;

PHZJAK+1(M) ~ Fk_1H1+k_1(M) ) I‘;I(nk-i;k—1(lw)7 1<k<n

PHI G (M) = FETHIHRT (M) = HEA(M), 1 <k <n.

In fact, the following isomorphisms hold:

Fk—1Hﬁ+kfsf‘|(M) ~ H(n/:)k+s+1(M) o H(nkJSk+S(M)’ 1 <s< n+k—1.
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RELATIONS BETWEEN COEFFECTIVE AND PRIMITIVE
COHOMOLOGIES

These last cohomology groups allow us to recover all the primitive

cohomology groups [Tseng-Yau 12] via the filtered cohomology groups
[Tsai-Tseng-Yau 14]:

PHJ (M) = FOHI(M) = Hiy (M), 0<qg<n—1

PHY (M) = FOHI(M) = HZ 9T (M) = HZ"9(M), 0<q<n-—1;

(1) (1)
PHI T (M) = FETHEHRT (M) = HET(M), 1 <k <n;

PHI KT (M) 2 FR=THT AT (M) = H(”,j)k(M), 1<k<n.

In fact, the following isomorphisms hold:

Fk—1 Hﬁ+kfsf'| (M) ~ H(n/:)k+8+1(M) Hn+k+S(M)’ 1<s< n+k—1.

(k)

H('71<+)k+s(’\/’) H('”ks "(M)fors=0,...,n+k—1.

)
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MORE RELATIONS BETWEEN COHOMOLOGIES

Let (M?", ) be symplectic of finite type.

v(k N
0< Cf,+)k — Cn—k4+1 < bk — Bnyk (2)
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MORE RELATIONS BETWEEN COHOMOLOGIES

Let (M?", ) be symplectic of finite type.

0 < &) — & ki1 < Boik — Moy (2)
) — Cniit = bok — hnak == LK(HITK(M)) = LK(H™K(M)).
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MORE RELATIONS BETWEEN COHOMOLOGIES

Let (M?", ) be symplectic of finite type.

v(k N
0< C£,+)k — Cn—k+1 < bnik — hpik

) — Cniit = bok — hnak == LK(HITK(M)) = LK(H™K(M)).

Particular cases for equality: k=n,n—1, n—-2 =

o &7 = by + bay — hop.

° éé?,j) = b + bop_1 — hop_1 — hop.

° ééf,:? = bop_2+ h3 — hop_2 — hap_5.
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MORE RELATIONS BETWEEN COHOMOLOGIES

Let (M?", ) be symplectic of finite type.

v(k N
0< C£,+)k — Cn—k+1 < bnik — hpik

) — Cniit = bok — hnak == LK(HITK(M)) = LK(H™K(M)).

Particular cases for equality: k=n,n—1, n—-2 =
o &7 = by + bay — hop.
° éé?,j) =bo + bop—1 — hop_1 — hop.

° ééf,:? = bop_2+ h3 — hop_2 — hap_5.

Theorem

(M",w) satisfies HLC <= &), = &, 44 fork=1,...,n.
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RELATIONS FOR CLOSED SYMPLECTIC MANIFOLDS

k—generalized coeffective cohomologies

o k=1,..., 1 ) = by, forg=2n—2k+1,...,2n.
b, g=2,...,2n,
@ k=n: q 7
C1:b1.
o 14,
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RELATIONS FOR CLOSED SYMPLECTIC MANIFOLDS
k-generalized coeffective cohomologies
e k=1,....,.n—1 :cék):bq, forg=2n—-2k+1,...,2n.

()
C, :b, q:2,...,2n,
&1 = b1.
(] X(k)
filtered cohomologies
v(k .
v(k){ Cénl_zk_q_17 |fq:o7’r’_i_l(_17

C,
? Wy fq=n+k+1,....2n42k 1.

Explicit descriptions of &M gln=1) w(n-2)

Con» Cop_v1’> Cop_o'-
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RELATIONS FOR CLOSED SYMPLECTIC MANIFOLDS
k-generalized coeffective cohomologies
@ k=1,....n-1 :cék) =bg, forg=2n-2k+1,...,2n.
()
cy’ = bg, =2,...,2n,
@ k=n: 7 @ d topological for k = n,n— 1.
¢ = by.
o .
filtered cohomologies
v (k) .
o) , ifg=0,....n+k—1,
) = fl'z)”L 2k-q-1 19 top for k = n.
Cq_2k+1: fg=n+k+1,...,2n+2k — 1.

Explicit descriptions of &M gln=1) w(n-2)

Con» Cop_v1’> Cop_o'-
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RELATIONS FOR CLOSED SYMPLECTIC MANIFOLDS
k-generalized coeffective cohomologies
e k=1,....,.n—1 :c((,k):bq, forg=2n—-2k+1,...,2n.

()
¢y’ =bg, g=2,...,2n,
okn:{ 7 7

topological for k = n,n— 1.
¢ = by.
o XM,

filtered cohomologies

Cq o) top for k = n.

v(k .
v(k): Cénl_zk_q_17 |fq:o7’r’_i_l(_17
Wt Ha=n+k+1,...2n+2k1.

Explicit descriptions of &7, &’V &l"—2)
harmonic cohomology
@ hj=b;,i=0,1,2,2n, hop_q even.

~ «(1 ~
@ hp_ ki1 — Ppykyt1 = Cnokg1- Bt — (C§,+)1 —Cn) < hppy < hp_q.
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FLEXIBILITY

An interesting question in the study of the symplectic harmonicity is the
flexibility. It was introduced and studied in [IRTU 01] and [Yan 96]
motivated by a question posed by Khesin and McDuff:
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FLEXIBILITY

An interesting question in the study of the symplectic harmonicity is the
flexibility. It was introduced and studied in [IRTU 01] and [Yan 96]
motivated by a question posed by Khesin and McDuff:

Question: On which compact manifolds M does there exist a family w;
of symplectic forms such that the dimension of Hﬁr(M, wt) varies?
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FLEXIBILITY

An interesting question in the study of the symplectic harmonicity is the
flexibility. It was introduced and studied in [IRTU 01] and [Yan 96]
motivated by a question posed by Khesin and McDuff:

Question: On which compact manifolds M does there exist a family w;
of symplectic forms such that the dimension of Hﬁr(M, wt) varies?

Definition

A manifold M?" is h-flexible if M possesses a continuous symplectic
family we, t € [a, b] s.t. hg(M,wa) # he(M,wp) for some g.
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FLEXIBILITY

An interesting question in the study of the symplectic harmonicity is the
flexibility. It was introduced and studied in [IRTU 01] and [Yan 96]
motivated by a question posed by Khesin and McDuff:

Question: On which compact manifolds M does there exist a family w;
of symplectic forms such that the dimension of Hﬁr(M, wt) varies?

Definition

A manifold M?" is h-flexible if M possesses a continuous symplectic
family we, t € [a, b] s.t. hg(M,wa) # he(M,wp) for some g.

@ [Yan 96] studied the case of closed 4-manifolds:
» 4-dimensional nilmanifolds (compact quotients of nilpotent Lie
groups) are not h-flexible.
» There exist 4-dimensional h-flexible manifolds.
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FLEXIBILITY

An interesting question in the study of the symplectic harmonicity is the
flexibility. It was introduced and studied in [IRTU 01] and [Yan 96]
motivated by a question posed by Khesin and McDuff:

Question: On which compact manifolds M does there exist a family w;
of symplectic forms such that the dimension of Hﬁr(M, wt) varies?

Definition

A manifold M?" is h-flexible if M possesses a continuous symplectic
family we, t € [a, b] s.t. hg(M,wa) # he(M,wp) for some g.

@ [Yan 96] studied the case of closed 4-manifolds:

» 4-dimensional nilmanifolds (compact quotients of nilpotent Lie
groups) are not h-flexible.
» There exist 4-dimensional h-flexible manifolds.

@ [IRTU 01]: Some 6-dimensional nilmanifolds are h-flexible.
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COHOMOLOGICAL FLEXIBILITIES

We can define other notions of flexibility:
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COHOMOLOGICAL FLEXIBILITIES

We can define other notions of flexibility:
Definition
A closed smooth manifold M2" is said to be

@ c-flexible if M possesses a continuous symplectic family wy,
t € [a, b] such that, forsome 1 <k <n

Cn—k+1(M,wa) # Cpks1(M,wp), or
cék)(M, wa) # Cék)(M, wp), forsomen—k+2 < q<2n.

Q@ f-flexible if M possesses a continuous symplectic family wy,
t € [a, b] such that égk)(M, wa) # é((,k)(M, wp) forsome 1 <k <n
and0 < g<2n+2k—1.
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COHOMOLOGICAL FLEXIBILITIES

We can define other notions of flexibility:
Definition
A closed smooth manifold M2" is said to be

@ c-flexible if M possesses a continuous symplectic family wy,
t € [a, b] such that, forsome 1 <k <n

Cn—k+1(M,wa) # Cpks1(M,wp), or
cék)(M, wa) # cgk)(M, wp), forsomen—k+2 < q<2n.

Q@ f-flexible if M possesses a continuous symplectic family wy,
t € [a, b] such that égk)(M, wa) # é((,k)(M, wp) forsome 1 <k <n
and0 < g<2n+2k—1.

These new notions of flexibility give us a simpler way to provide
examples of h-flexible manifolds.
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CLOSED 4-DIMENSIONAL SYMPLECTIC MANIFOLDS
Let (M*,w) be a closed symplectic manifold.

Generalized coeffective cohomologies are topological.
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CLOSED 4-DIMENSIONAL SYMPLECTIC MANIFOLDS
Let (M*,w) be a closed symplectic manifold.
Generalized coeffective cohomologies are topological.

Filtered cohomologies (k = 2 is topological)
k=1 é(()1) (1) v(1) 1) %) x(1)

<(1
03 , €7, G, where cé):b1+b2—h3—1
~—

:Cg) :c£1)
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CLOSED 4-DIMENSIONAL SYMPLECTIC MANIFOLDS
Let (M*,w) be a closed symplectic manifold.
Generalized coeffective cohomologies are topological.

Filtered cohomologies (k = 2 is topological)

k=1: é(()” &, V(” 03 , cg), éé”, where é§1):b1 +bo — h3 — 1
—~ =~
—o) ="

Harmonic cohomology: hy , hy, ho, hs, hy .
~— ~~

~—
=1 =by =b, even =1
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CLOSED 4-DIMENSIONAL SYMPLECTIC MANIFOLDS
Let (M*,w) be a closed symplectic manifold.
Generalized coeffective cohomologies are topological.

Filtered cohomologies (k = 2 is topological)

k=1:8" 6" & e gD & where | &l = by + by — hs — 1
~
:c:(;) :c‘(ﬂ)
Harmonic cohomology: hy , hy, ho, hs, hy .
~— ~~

N = =~
=1 =by =b, even =1

@ M is never c-flexible.
@ M is f-flexible < M is h-flexible. In particular, 3 M* f-flexible.
@ If by(M) < 1, then M is not f-flexible.

@ If M is completely solvable solvmanifold, it is not c-flexible,
f-flexible or h-flexible.

o
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CLOSED 6-DIMENSIONAL SYMPLECTIC MANIFOLDS

Generalized coeffective cohomologies

k=1:
&37 C4(1.1)a CS): C((31)7
~—
=bs =bg
where

& =c{" +1— by — by + bs

k =2 and k = 3 are topological.
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CLOSED 6-DIMENSIONAL SYMPLECTIC MANIFOLDS

Generalized coeffective cohomologies

k=1:

&37 C4(1.1)a 05(31)7 C((31)7
~—~—
=bs =bg

where

& =c{" +1— by — by + bs

k =2 and k = 3 are topological.

Harmonic cohomology

hO ) h1 ) h2 ) h3’ h4a h5 ’ h6 )
~— N~ ~ ~~
=1  =by =bo even  —1

where

R. Villacampa (C.U.D - LUM.A.) Cohomologies on Symplectic Manifolds Parma, November 28th, 2014

21/24



CLOSED 6-DIMENSIONAL SYMPLECTIC MANIFOLDS

Filtered cohomologies (k = 3 is topological)

k=1:
S(1) w1 <) w() | «(1) «(1) «(1) «
el &0, &0, &0 |6, o), 8, 8,
N
—o{) =bs =bs

where | 6" = &5 — hy + by, & ="

k=2:

é(()2)7 61(2)7 652)7 61(32)a éz(l. CS ’ ééz)’ ég ) é( ’ 652)7

=by =by =bs =bg

where | &2 = by + by — hs — 1

All the dimensions are determined by Betti numbers and ¢, hs and h5.J
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FLEXIBILITY IN DIMENSION 6

Relations:
& = ¢ +1—by— b+ bs,
Cs = hs— hs,
ég” = &3 — hy + by,
éé” _ cf),
&2 = by+be—hs—1.
Results:
@ M is c-flexible —
Q@ M is not c-flexible =
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FLEXIBILITY IN DIMENSION 6

Relations:
& = ¢ +1—by— b+ bs,
¢3 = hg— bhs,
é‘(‘” = 03— hsy+ by,
éé” _ cf),
&2 = by+be—hs—1.
Results:
@ M is c-flexible = M is f-flexible and h-flexible.
Q@ M is not c-flexible =
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FLEXIBILITY IN DIMENSION 6

Relations:
& = ¢ +1—by—by+ b,
¢z = h3— hs,
é‘(‘” = C3— hs + bo,
éé” _ c‘(ﬂ),
ééz) = by+b—hs—1.
Results:
@ M s c-flexible = M is f-flexible and h-flexible.
© M is not c-flexible = M is f-flexible if and only if it is h-flexible.
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FLEXIBILITY IN DIMENSION 6

Relations:
Cs = C§1)+1—b1—b2+b3>
Cs = hs— hs,
5511) = &3 — hy + by,
ég) _ Cf),
&2 = by+by—hs—1.
Results:

@ M is c-flexible = M is f-flexible and h-flexible.

@ M is not c-flexible = M is f-flexible if and only if it is h-flexible.

J

Examples of h-flexible nilmanifolds in dimension 6 can be found in
[IRTU 01].
We classify the 6-dimensional c-flexible nilmanifolds.
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FLEXIBILITY IN DIMENSION > 8

Let (M2",w) be a closed symplectic manifold.

@ M is c-flexible = M is f-flexible or h-flexible.
@ 1 M f-flexible for any dimension 2n.

Example in dimension 8: a solvmanifold that is c-flexible, f-flexible and
h-flexible.
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