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Abstract

We establish a local topological obstruction to the simultaneous flattening of Berry
curvature in spin—orbit-coupled Bose-Einstein condensates (SOC BECs), which remains
valid even when the global Chern number vanishes. For a generic two-component SOC
BEC, the extended parameter space is the total space M of a principal U(1)y x U(1)—
bundle over the Brillouin torus 73,. On M, we construct a Kaluza-Klein metric and a
natural metric connection V¢ whose torsion 3-form encodes the synthetic gauge fields.

Under the physically relevant assumption of constant Berry curvatures, the harmonic
part of this torsion defines a mixed cohomology class

[w] € (H?(T5,) ® H'(S,,)) @ (H*(Tz) ® H' (S5 )

with mixed tensor rank r = 1. By adapting the Pigazzini-Toda (PT) lower bound to the
Kaluza—Klein setting through explicit pointwise curvature analysis, we demonstrate that
the obstruction kernel I vanishes for the physical metric, yielding the sharp inequality
dim hol°T (V) > 1. This bound forces the existence of at least one off-diagonal curvature
operator, preventing the complete gauging-away of Berry phases even in regimes with zero
net topological charge. This work provides the first cohomological lower bound, based on
the PT framework, certifying locally irremovable curvature in SOC BECs beyond the
Chern-number paradigm.

Keywords: Berry curvature; spin—orbit-coupled Bose-FEinstein condensates; synthetic gauge
fields; holonomy with torsion; mixed cohomology; Kaluza—Klein geometry.
MSC (2020): 53C29, 53C80, 81V45, 82B10, 51P05, 55520, 57R19, 57R56, 58 A12.

1 Introduction

The study of spin-orbit-coupled (SOC) Bose-Einstein condensates (BECs) stands at a rich
confluence of differential geometry, quantum many-body physics, and synthetic gauge theory.
This interdisciplinary effort is part of the broader pursuit of artificial gauge fields in engi-
neered quantum systems, spanning ultracold atoms, photonics, and solid-state platforms [I].
Advances in generating artificial gauge fields with Raman lasers have made these systems a
versatile laboratory for exploring Berry curvature, synthetic magnetic fields, and non-Abelian
textures with unprecedented control [6, [7, [I4]. Experimental realizations in laboratories such
as NIST [9] have demonstrated the ability to engineer synthetic spin-orbit coupling in ultra-
cold atomic gases, providing a controllable platform for investigating topological phenomena
in quantum matter.



A persistent theoretical challenge is to identify local topological obstructions that constrain
the Berry curvature even when global invariants—such as the first Chern number—vanish.
While the Chern number ¢; = % ng F' quantizes the net flux through the Brillouin zone,
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its vanishing does not guarantee that the curvature F' can be locally flattened everywhere;
geometric obstructions may prevent the simultaneous annihilation of curvature components
along independent directions in the parameter space. Understanding such local constraints
is crucial for assessing the robustness of topological features in quantum systems and for
designing protocols that exploit geometry beyond global topological charges.

This work addresses that challenge by bringing a recent geometric result into physical
focus. In [12], a lower bound was established for the off-diagonal holonomy of metric con-
nections with totally skew-symmetric torsion on product manifolds. The bound is expressed
in terms of a mized de Rham cohomology class [w] € HP(M;) ® H9(M>) associated with the
harmonic part of the torsion 3-form:

dim hol®T(VY) > 7 = min(r — dim K, 1), (1.1)

where 7 = rankg ([w]mixed) is the minimal number of simple tensors needed to represent the
mixed cohomology class, I is an obstruction kernel encoding the intersection of this class with
spaces of parallel forms, and bOIOH(VC) denotes the off-diagonal part of the holonomy algebra
that mixes the two factor manifolds. This bound is a topological invariant that persists under
metric deformations preserving the parallel-form strata.

Methodological adaptation: From product to Kaluza—Klein geometry

While Theorem 5.2 of [12] is formally stated for Riemannian product metrics, the physical
metric gps in our SOC BEC model is a Kaluza—Klein metric induced by the synthetic gauge
fields A®). We do not apply the theorem as a black box. Instead, we extend its reach to the
present geometry through a three-step strategy:

(i) Deformation. We construct a smooth one-parameter family of metrics {ge}.cjo,1] that
interpolates between a Riemannian product metric go = gz & dgﬁ_ ® d¢? at e =0 and
the physical Kaluza—Klein metric gy = g1 at ¢ = 1 (Section . This deformation is
achieved by continuously introducing the gauge potentials A®) into the fiber metric via
the connection 1-forms 99) =dpy +em*AD),

(ii) Direct verification for € > 0. For every ¢ > 0, we prove that the obstruction ker-
nel K. vanishes (Theorem , yielding a non-trivial reduced rank rd = 1. By
explicit computation in an adapted gauge (Appendix , we evaluate the curvature
RC: (X, Z) for mixed inputs X € Hp, Z € V), and show that its off-diagonal projection
Tt (R (X, Z)) # 0 at each point p € M, demonstrating that at least one linearly
independent off-diagonal curvature operator exists in the holonomy algebra. This es-
tablishes the bound dim hol°® (V=) > 1 for all € € (0, 1] through a direct analysis of the
curvature tensor, without relying on continuity arguments.

(iii) Application to the physical metric. Since the bound holds for every ¢ € (0,1] and
the physical connection corresponds to € = 1, we obtain the desired inequality for the
physical system. The triviality of the bound at € = 0 (where rg = 0 due to complete



absorption by parallel forms in the product geometry) highlights the essential role of
the Kaluza—Klein coupling in generating irreducible topological constraints.

We take as the extended parameter space the smooth manifold
M =Tgy, x S5 xS},

where Téz is the Brilloin torus parametrized by crystal momenta (k, k), and S, 1+, S;s, rep-
resent the global U(1) phase (associated with particle-number conservation) and the relative
U(1) phase between the two spin components, respectively. Our analysis shows that under
the physically motivated assumption of constant Berry curvatures F(£) = ¢&volpy (Assump-
tion , the mixed tensor rank is = 1. The vanishing of the obstruction kernel for the
Kaluza—Klein geometry (Theorem then yields the sharp inequality:

dim ho®T(VY) > 1 for every point p € M. (1.2)

This lower bound implies that momentum degrees of freedom are fundamentally “locked”
to the phase sectors in a topologically robust manner: at least one independent off-diagonal
curvature operator persists, mixing the Brillouin zone with the phase directions even when
the total Chern number cgﬂ + ¢\ vanishes. Such mixing cannot be removed by any smooth
gauge transformation or metric deformation that preserves the cohomology classes [F(i)].
This result reveals a local topological obstruction invisible to the Chern number and suggests
new interferometric protocols to detect these geometric constraints through measurements of

correlated Berry phases in the two U(1) sectors.

Organization of the paper

The paper is organized as follows. Section [2| constructs the Kaluza—Klein metric and defines
the metric connection with torsion encoding the synthetic gauge fields. Section [3|analyzes the
mixed cohomology structure, computes the tensor rank, and determines the obstruction kernel
for both the product and deformed metrics. Section [4] presents the deformation family and
establishes the non-trivial lower bound through direct curvature analysis. Section [5|interprets
the bound in the context of SOC BECs and discusses its physical consequences. Section [7]
provides illustrative examples, including the paradigmatic case of vanishing total Chern flux.
Finally, Section [9] summarizes the results and outlines directions for future work. Technical
details on the Levi-Civita connection and the explicit curvature computation are relegated to
Appendices [A] and [B, respectively.

2 Geometric Construction of the Extended Parameter Space

A generic two-component spin—orbit-coupled Bose-Einstein condensate (SOC BEC) confined
in a quasi-two-dimensional toroidal trap is characterized by three independent, experimentally
accessible degrees of freedom: the crystal momenta (k,, ky) spanning a Brillouin zone, a global
U(1) phase ¢, associated with particle-number conservation, and a relative U(1) phase ¢_
between the two internal spin states [9] [11].

The natural mathematical framework for this system is a principal bundle with structure
group U(1)4 x U(1)—, whose total space M serves as the extended parameter space. Topo-
logically, M is diffeomorphic to the four-dimensional torus T, but its geometric structure is
that of a Kaluza—Klein manifold when equipped with the synthetic gauge fields.



2.1 Global geometric structure and the product approximation

For the purpose of applying the PT lower bound, we work in a framework where the parameter
space admits a global product structure, possibly up to a smooth deformation. Although the
parameter space M = T]_%Z X Squ+ X Sqls_ is a global topological product, the Berry curvatures
F&) are associated to the quantum eigenbundles over T]%Z, rather than to line bundles over

M. Consequently, non-vanishing Chern classes cgi) # 0 are fully compatible with the product
structure of M.

Definition 2.1 (Extended parameter space as a product manifold). We consider the smooth
manifold
M =Tg, x S}, xSy =T%

equipped with a family of Riemannian metrics {ge }ocjo1] such that:
1. Fore =0, go =gz @ dqbi @ do? is a Riemannian product metric.
2. Fore =1, g1 = gp is the physical Kaluza—Klein metric given by (2.1)).

8. The family is smooth in € and preserves the orthogonal splitting TM = H. &V, where
V = kerdr is the vertical distribution (independent of €) and H. is the g.-orthogonal
complement.

Remark 2.2 (Topological vs. geometric product structure). While the underlying smooth
manifold is a product, the physical metric gy is not a Riemannian product unless the con-
nections A®) vanish. The family {gc} interpolates between the geometric product structure
(e = 0) and the physical Kaluza—Klein structure (¢ = 1). This deformation is essential to
apply the PT theorem, which requires a genuine Riemannian product structure.

2.2 Constant Berry curvature assumption

To make the geometric analysis fully explicit and to cover a wide range of experimentally
relevant configurations, we work under the following assumption:

Assumption 2.3 (Constant Berry curvatures). The Berry curvature 2-forms are constant
multiples of the Brillowin-zone volume form.:

F® = dA® = (B yolgy, ) e R\ {0},
where volgz, = dk; N dky. The constants E) are related to the Chern numbers by

Bl [ pe Area(Tgys) (4)
2w T]%Z 2

This condition is satisfied in numerous SOC BEC realizations, including linear Rashba—
Dresselhaus couplings and uniform synthetic magnetic fields.

Remark 2.4 (Topological invariance). The cohomology classes [F)] € H%(TZ,;R) are topo-
logical invariants. Under Assumption these classes are proportional: [F(7)] = A[F(+)]
with A = c(*)/c(ﬂ. Any deformation of the connection within its cohomology class preserves
these tnvariants, ensuring the robustness of our results.



2.3 The Kaluza—Klein metric and its deformation to a product

We construct a family of Riemannian metrics on M that interpolates between the physical
Kaluza-Klein metric and a product metric. Let ggz = dk2 + dki be the flat metric on the
base torus T]_%Z.

Definition 2.5 (Deformation family of Kaluza—Klein metrics). For e € [0,1], define the
metric on M by:

9e = 7 gpz + (dy + e AD)? 4 (dp_ +ex*AO)?, (2.1)

where m : M — Téz 18 the projection onto the first factor. For e = 0 we obtain the product
metric go = gz D dqﬁ ® d¢?, and for e = 1 we obtain the physical Kaluza—Klein metric

91 = 9gmMm-

Remark 2.6 (Global well-definedness of the metric family). The metrics g. are globally
well-defined on the total space M of the principal U(1);+ x U(1)_-bundle over Tj3,. The I-
forms A& are connection 1-forms on local trivializations; the quantities (do+ + EW*A(i))Q
are invariant under gauge transformations A®) — AE) 4+ d\&E) because the fiber coordinates
b+ transform as ¢+ — ¢+ — eNF . Consequently, the metric g. descends to a well-defined
Riemannian metric on M even when the curvatures F&) have non-zero Chern classes.

Theorem 2.7 (Properties of the deformation family). The family of metrics {ge }.cp0,1) defined
on M satisfies the following properties:

(i) Regularity: Each g. is a smooth, positive-definite Riemannian metric on M. The pro-
jection 1 (M, g.) — (T3;, gBz) is a Riemannian submersion for every € € [0,1].

(ii) Orthogonality: The vertical distribution V = ker dm = span{0y, ,04_} is ge-orthogonal to
the horizontal distribution H, where the latter is defined as the kernel of the connection

1-forms @9) =dopy +en* AR,

(iii) Fiber Isotropy: Each fibre m=1(k) = S1 x S inherits a flat metric gfpre = d¢% + dp*
which is independent of both the base point k € Téz and the deformation parameter €.

(iv) Geodesic Geometry: The fibres are totally geodesic submanifolds of (M, g.) for every e,
and the horizontal distribution He has a curvature proportional to e &),

Proof. (i)-(ii) By construction, g. = 7*gpz + (@§+))2 + (9{(.;_))2. Since gy is positive defi-

nite and the vertical forms are linearly independent, g. is a valid Riemannian metric. The
orthogonality follows from the fact that ¢g.(X,V) = 0 whenever X € #. (so oLt (X)=0)
and V €V (so dn(V) =0).

(iii) Restricting g. to the vertical distribution V means evaluating it on vectors V' such
that dr(V) = 0. In this case, 7*A®) (V) = AB)(drx(V)) = 0, so @gi)h; = d¢s+. Thus
gely = dqﬁ + d¢? , which is constant and independent of .

(iv) The fibers are flat tori, and the connection potentials A®) depend only on the base
coordinates. The vanishing of the second fundamental form of the fibers follows from the
Kaluza-Klein structure with constant fiber metrics. The curvature of the horizontal distri-
bution is given by d@gi) = edA®) = ¢ F&) | confirming that e scales the synthetic magnetic
field without altering the fiber geometry. O



2.4 Metric connection with totally skew-symmetric torsion

For each ¢ € [0, 1], we define a metric connection V¢ with torsion that encodes the physical
Berry curvature.

Definition 2.8 (Torsion 3-form family). For each e, define the torsion 3-form:
T. := FE) A (dpy +en*AD)) + FO A (dp_ + en*AD)) € Q3 (M).
Under Assumption this becomes:
T. = ) volgy A(doy + €7r*A(+)) + ¢ volgy, A(do— + 871'*14(7)).

Lemma 2.9 (Cohomological invariance of the torsion class). For all € € [0,1], the de Rham
cohomology class [T.] € H3(M;R) is constant and equal to

[T:] = [F(+)] ® [doy] + [F(_)] ® [dp—] wunder the Kiinneth isomorphism.

Proof. We verify that T. is closed for every e € [0,1]. Using dF*) = 0 (curvatures are closed)
and d(d¢+) = 0, we compute:

dT. = —F®) Ad(er* AD) — FO A d(en* AC)) = —¢ (F<+> AFE 4 FO A F<—>) .

Under Assumption F& = c®dk, A dk,, hence
FEAFE = cE2(dk, A dky) A (dky A dEy) =0
by antisymmetry. Thus d7; = 0 for all e. Under the Kiinneth decomposition
H3(M;R) = (HX(Th,) @ H'(S}, x 83.)) @ (H'(T;) @ H(S}, x S}.)),

the class [Tp] = [F) A dpy + F) A dg_] decomposes as

(To] = [F] ® [d4] + [FO] ® [do-]
in the (2, 1)-component (the (1,2)-component vanishes since H?(S! x S) = 0). For T, =
To + e(FH A A 4 FO) A AG))| the additional terms are 3-forms of bidegree (3,0) in
the Kiinneth decomposition, being wedge products of forms pulled back from 7T; ]_%Z. Since

H3(T%;) =0 (as dimT3; =2 < 3),
these terms contribute zero to the cohomology class. Therefore

(7] = [FM] ® [de+] + [FO] © [do-] = [Tl

for all € € [0, 1]. O



Definition 2.10 (Metric connection family). For each € € [0,1], define the (2,1)-tensor K.
by:
1
K.(X,Y,Z) = iTE(X’ Y,Z), X,Y,ZecX(M).

The metric connection with totally skew-symmetric torsion for parameter € is:
VEY = VY + K.(X, Y, )%,

where VIC= is the Levi-Civita connection of g. and §. denotes the musical isomorphism
T*M — TM induced by g..

Proposition 2.11 (Properties of the connection family). For each ¢ € [0, 1], the connection
VY satisfies:

(i) Vg. =0 (metric compatibility).
(i) The torsion tensor of VC: is exactly T., i.e.:

VY - V9 X — [X,Y] = T.(X, Y, ).

(iii) For e >0, VLCT. 40 (non-parallel torsion), provided F(*) #£ 0.

Proof. Properties (i) and (ii) are standard consequences of the definition V& = VEC= 4 17,
adding a totally skew-symmetric (2, 1)-tensor to the Levi-Civita connection preserves metric
compatibility, and the torsion of the resulting connection equals the skew-symmetric tensor
(see, e.g., [15]).

For (iii), Appendix shows that VECdpy = #(62 ®e! — el ®e?), which is nonzero for
e>0and c® # 0. Since T. = () volgg A(dpy + en*AT)) + (7 volgy A(dp_ + en*A))
and the base form volpy is parallel, the Leibniz rule gives VFC=T, # 0. ]

2.5 Parallel forms and the obstruction kernel

A crucial ingredient for the PT lower bound is the space of forms that are parallel with
respect to the Levi-Civita connection of the product metric (¢ = 0) and their behavior under
deformation.

Definition 2.12 (Spaces of parallel forms on the factors). For the product metric gy =
gBz D d(ﬁ ® dp? , we define:
Pa(T3,) := {a € Q}(T3,) | V932a = 0} = R volpy,
Pi(S5, x S5 ) :={8 € QNS}, xS} )| V¥ =0} =span{dp,,do_}.

For e > 0, we define Pf(5é+ X SqlL) as the space of 1-forms on M that are g--parallel and
vanish on H. (vertical parallel 1-forms).

Theorem 2.13 (Deformation of vertical parallel 1-forms). Under Assumption for the
deformation family g., the space of parallel vertical 1-forms 731‘3(5’;)+ X S;)_) satisfies:



1. For ¢ > 0, the space has dimension 1 and consists of constant-coefficient forms n =
cydpy + c_do_ satisfying the algebraic constraint:
C(_)
¢+ A =0, where A= Eek

2. For the product limit € = 0, the constraint vanishes and the space has dimension 2, being
spanned by {doy,dp_}.

Proof. The condition for a 1-form 7 to be parallel is VECs5) = 0. For a vertical form n =
crdpy + c_de_, we evaluate the covariant derivative along horizontal directions. As derived
in Appendix @ using the connection 1-forms w9 of the Kaluza-Klein metric g., we have:

viCey = %(C+C(+) +e (e —et®e?).

For any € > 0, the vanishing of this expression requires c;.¢(™) +c_c(=) = 0, which is equivalent
to ¢y + Ac— = 0. This constraint defines a 1-dimensional subspace. At the point € = 0, the
entire expression vanishes regardless of the coefficients c4, reflecting the fact that the Levi-
Civita connection of the product metric decouples. This completes the proof (see Appendix
for the component-wise tensor derivation). O

Remark 2.14 (Global extension of vertical parallel forms). Since the vertical distribution
V = kerdr is integrable (being the kernel of a submersion) and the fibers m—'(k) are totally
geodesic flat tori (Theorem (iv)), any vertical 1-form n that is g--parallel at one point
p € M extends uniquely by parallel transport to a globally g.-parallel form. The algebraic
constraint cy + Ac— = 0 derived at one point in the proof of Theorem therefore holds
everywhere, establishing that dim ’Pf(Séur X S(})_) =1 globally for all € > 0.

Definition 2.15 (Obstruction kernel for the product metric). For the product metric go, let
Va1 be the span of the harmonic representative of the (2,1)-Kinneth component of [Ty] (this
will be computed explicitly in Section @ Define:

Ko == <V2,1 N (Pa(TE;) ® 771(5;,Jr X Séi))) @ (V1,2 N (P1(T3y) ®772(S¢15+ X S(}L))) .

Lemma 2.16 (Obstruction kernel for € > 0). For e > 0, let K. be the obstruction kernel
defined using the space of parallel vertical 1-forms Pf(S(;lSJr X Sé,) with respect to the metric
ge. Under Assumption we have:

Ke=0 foralle>D0.

Proof. The (2,1)-component of the torsion class is represented by a simple tensor that will
be explicitly computed in Section [3; it has the form &y = [volpz] ® (ay[d¢+] + a—[dp_])
with a— = Aay. The kernel K. is defined by the intersection of the span of its harmonic
representative with the space Pa(T3,) ® 7715(5(;r X S(}L).

As established in Theorem for € > 0, any parallel vertical 1-form n € P{ must satisfy

the algebraic constraint ¢, + Ac_ = 0, where A = ¢(-) /C(Jr). However, the harmonic repre-
sentative has coefficients satisfying a_ = Aay. Substituting these into the parallel condition
yields:

a4 + Aa_ = a4 + A()\CL_A,_) = (I+(1 + )\2)



Since () # 0, it follows that 14+A2 > 0 (as A € R). Thus, the parallel condition a., (1+A2) = 0
is satisfied if and only if ay = 0, which implies [w] = 0. For any non-trivial torsion class, the
intersection is therefore {0}, proving that K. = 0. O

Remark 2.17 (Discontinuity of the obstruction kernel). The dimension of the obstruction
kernel jumps at e = 0: we have dim Ky = 1 (as will be shown in Sectz’on@ while dim KC, = 0
for all e > 0. This discontinuity reflects the fact that the geometric product structure at € =0
allows the mized class to be completely absorbed by parallel forms, while the Kaluza—Klein
coupling for e > 0 imposes additional holonomy constraints that prevent this absorption.

2.6 Local adapted gauge

To perform explicit curvature calculations, we work in local gauges that simplify the metric
at a given point.

Definition 2.18 (Adapted gauge at a point). Let p € M with w(p) = ko € T3,. A gauge is
called adapted at p if:

(i) A®) (ko) =0,
(i) (do+ + €7T*A(:t))|p = do+|p,
(iii) The metric ge satisfies ge|, = dk2 + dk; + de? + do*.

Lemma 2.19 (Existence of adapted gauge for the family). For any point p € M and for
every value of the deformation parameter € € [0, 1], there exists a local gauge transformation
such that the connection V is adapted at p.

Proof. By Definition the connection 1-forms of the family are given by @S;i) = dos +
er*A®) . An adapted gauge at p requires that the connection 1-forms satisfy @éi) lp = do+|p,
which is equivalent to the vanishing of the local potentials eA®) at the point p.

For any ¢ € [0,1], consider the standard gauge transformation A — A®) 4 ¢f&) By
choosing the functions f&) such that df (i)|p = —A(i)|p (which is always possible in a local
neighborhood of p), we obtain a transformed potential that vanishes at p. Since the parameter
¢ scales the potential linearly, the condition e(A®) + dfF))|, = 0 is satisfied for all £. Thus,
a single gauge transformation, independent of ¢, suffices to make the entire family adapted at

p. O

2.7 Summary of the geometric framework

We have established the following geometric framework:

1. The extended parameter space is the smooth product manifold M = Téz X Sé+ X SQIL,
equipped with a one-parameter family of metrics {gs}ge[ojl} interpolating between a
Riemannian product metric (¢ = 0) and the physical Kaluza—Klein metric (¢ = 1).

2. For each e, we have a metric connection V¢ with totally skew-symmetric torsion 7.
The cohomology class [T;] is constant in £ and admits a Kiinneth decomposition into
mixed components (Lemma [2.9)).



3. The space of vertical parallel 1-forms undergoes a discontinuous jump at e = 0: dim Py =
2 while dim P§ =1 for all € > 0 (Theorem and Lemma [2.14)).

4. Consequently, the obstruction kernel K. vanishes for all € > 0 (Lemma [2.16)), while Ky
is non-trivial. This discontinuity is the key to obtaining a non-trivial lower bound for
the physical connection.

In the next section, we compute the topological invariants (mixed cohomology class and
its tensor rank) explicitly and determine the reduced rank k= rankpg ([7%]mixed) — dim IC¢ for
both € =0 and € > 0.

3 Cohomology of the Extended Space and the Mixed Tensor
Rank

In this section, we analyze the cohomological structure of the extended parameter space M
and compute the topological invariants that enter the PT lower bound [12]. Crucially, we
distinguish between:

e Topological invariants (independent of the metric): the cohomology class |w] and its
mixed tensor rank.

e Geometric data (depending on the metric): the spaces of parallel forms Py and the
obstruction kernel .

Throughout, we work under Assumption (constant Berry curvatures).

3.1 De Rham cohomology and Kiinneth decomposition

Since M = T2, x S(Lr X Sé_ is a product manifold (as a smooth manifold), its de Rham
cohomology is given by the Kiinneth theorem:

Theorem 3.1 (Cohomology of M). The de Rham cohomology groups of M are:

Moreover, the Kunneth isomorphism gives a canonical decomposition:

HY(M;R) = (D HP(T§4;R) ® H(S), x 5}_;R).
p+q=3

Ezxplicitly, the non-zero summands are:
HY(M;R) = (H*(TE;) @ H'(S}, x 5})) @ (H'(T§,) © H¥(S}, x S}.)).
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The torsion 3-form 7' defined in Definition (for e = 1) represents a well-defined coho-
mology class:

Definition 3.2 (Torsion cohomology class). The torsion cohomology class is:
(W] := [T] € H}(M;R).

Under the deformation family g, the class [w] is constant in €, as shown in Lemma .

3.2 Harmonic representative for the product metric

For the product metric g9 = gpz @ d¢% & d¢?, the harmonic representative of [w] can be
written explicitly.

Theorem 3.3 (Harmonic representative for go). Under Assumption the unique go-
harmonic representative of [w] is:

wl) = volgz Alaydd, +a_do_),
where the constants ax € R satisfy:
c(_)

a_:)\a,+, A:@

These constants are uniquely determined by the cohomology classes [F(i)].

Proof. Since gy is a product metric, the Hodge Laplacian decouples. The form 1 := volpz A(aydp+
a_d¢_) is closed because volpy is closed and d¢+ are closed.

It is coclosed if and only if 7 = 0. In the product metric, using *n = a (xpz volpz) A
(*abredd+) + a—(xBz volgz) A (*gbred¢—), where *pz volgz = 1 and *gpredd+ = *dod+, the
coclosed condition gives:

a+c(+) +a_cd7) =0,

which is equivalent to a_ = Aay. Uniqueness follows from the Hodge theorem. O

Remark 3.4 (Harmonic representative for ¢ > 0). For e > 0, the harmonic representative

wy, with respect to g. is not a wedge product of forms on the factors, because the metric is not

a product. However, its cohomology class is the same as wg.

3.3 Mixed tensor rank

We now define the mixed tensor rank for a cohomology class in H3(M). This is a purely
topological invariant.

Definition 3.5 (Mixed tensor rank). Let [n] € H3(M;R). Under the Kiinneth decomposition,
write

=Y o @ 1]+ la5] ® 3]
=1 j=1

where [o;) € H*(T3,), [8i] € H1(5é+ X SqlL), and similarly for the (1,2)-part. The mixed
tensor rank of [n] is
rankg ([ mixed) := min{ra1 + r12},

where the minimum is taken over all such representations.

11



Theorem 3.6 (Mixed tensor rank of the torsion class). Under Assumption the mized
tensor rank of [w] is
rankp ([w]mixed) = 1.

Proof. From the explicit form of the harmonic representative w2 (Theorem , we have

W] = [volgz] ® (ay[doy] + a_[d¢-]).
Since a4 [d¢y]+a—[dp_] is a single element in Hl(S(}5+ X S(L), this shows that the mixed rank
is at most 1. It cannot be 0 because [w] # 0 (under Assumption cF) £0). O

Remark 3.7 (Geometric interpretation). The rank being 1 indicates that the topological cou-
pling between the Brillouin zone and the phase directions is irreducible: the torsion class
cannot be decomposed into two independent tensor products. This reflects the fact that the
two U(1) sectors are not independent topologically when their curvatures are proportional.

3.4 Parallel forms and obstruction kernel for the product metric

To apply the PT theorem, we need the spaces of parallel forms for the product metric gg.

Lemma 3.8 (Parallel forms on the factors for go). For the product metric go = gpz & d¢?3 &
d¢? , we have:

Ps(T3. g8z) = R volgg,
Pl (S(}b+ X S(}S,ng’ﬁbre) = Span{d¢+’ d(ﬁ—}

Proof. The base is flat, so all harmonic forms are parallel. The fibre is a flat torus, so all
constant 1-forms are parallel. O

Now we compute the obstruction kernel Ky for the product metric.

Definition 3.9 (Obstruction kernel for gg). Let Va1 be the subspace of H*(T3,) ® HI(S(;+ X
Sé,) spanned by the harmonic representatives of the (2,1)-component of [w] with respect to

go (as given in Definition . Define
Ko = <V2,1 N (P2(Tz) © P1(S), x S(},f))) ® (V1,2 N (P1(Thz) @ Pa(S), x Sé,))) :
Theorem 3.10 (Obstruction kernel for gg). Under Assumption for the product metric

go, we have
dim ,C(] =1.

Proof. From Theorem the harmonic representative of the (2, 1)-component is
60 = VOIBZ ®(a+dq§+ + a_dgzﬁ_).

Thus Va1 = span{&y}. Since volgz € P2(T3;) and ard¢y + a_dg_ € 771(5'41)+ X S(}L) (it is a
constant linear combination), we have

&0 € Po(Tpy) @ P1(S§, x Sy ).

Hence
Va1 € Pa(Tz) @ Pi(S), x Sy ),

so the intersection is all of Vs, and dim Ky = dimV,; = 1. The (1,2)-component is zero
(since b1 (T3,) - ba(S* x S1) = 0), so it contributes nothing. O
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3.5 Reduced rank for the product metric

We now compute the key quantity that appears in the PT lower bound for the product metric.

Definition 3.11 (Reduced rank for gg). The reduced rank for the product metric go is

Tg := rankg ([w]mixea) — dim Ko.

Corollary 3.12 (Value of rg). Under Assumption
rg = 0.

Proof. By Theorem rankp ([w]mixed) = 1. By Theorem dim Cg = 1. Hence rg =
1-1=0. ]

Remark 3.13 (Interpretation). For the product metric go, the PT theorem gives the lower
bound

dim hol°T (VE0) > 12 = 0,
which is trivial. This is expected because for € = 0, the connection VO is adapted to the
product structure and its curvature may be block-diagonal. The non-trivial bound will arise
from the deformation to € > 0.

3.6 Behavior under deformation

We now examine how the obstruction kernel changes as we move away from the product
metric.

Theorem 3.14 (Obstruction kernel for ¢ > 0). For ¢ > 0, under Assumption the
obstruction kernel K. (defined analogously using the spaces of parallel forms for g.) satisfies

Ke=0.
Consequently, dim K. = 0.

Proof. The (2,1)-component of the torsion class is represented by the simple tensor & =
[volpz] ® (a4 [dp4] + a—[dp—_]) (Theorem [3.3). The kernel K is defined by the intersection of
the span of its harmonic representative with the space Pa(T3,) ® 77f(5é+ X S¢1>,)-

As established in Theorem for ¢ > 0, any parallel vertical 1-form 1 € P{ must
satisfy the algebraic constraint c; + Ac— = 0, where A = =) /C(+). However, the harmonic
representative of [w] has coefficients satisfying a_ = Aay. Substituting these into the parallel
condition yields:

ay +Aa_ =ay + A Day) = ap(14+2%).
Since ¢(*) # 0 (Assumption , it follows that 1 + A% > 0 for any real A. Thus, the parallel
condition ay (1 + A?) = 0 is satisfied if and only if a; = 0, which implies [w] = 0. For any
non-trivial torsion class, the intersection is therefore {0}, proving that /. = 0. O

Corollary 3.15 (Reduced rank for e > 0). Fore > 0, the reduced rank rg := rankg ([w]mixed) —
dim IC. satisfies
rg =1.

Proof. By Theorem rankp ([w]mixed) = 1. By Theorem dim K. = 0 for € > 0. Hence
8
re=1—-0=1. O
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3.7 Summary

We have established the following topological and geometric data:

1. The torsion class [w] € H?(M;R) has mixed tensor rank rankg([w|mixed) = 1 (Theo-
rem , a topological invariant.

2. For the product metric gg, the obstruction kernel g has dimension 1, giving reduced
rank rg = 0 (Corollary j

3. For the deformed metrics g. with € > 0, the obstruction kernel vanishes, giving reduced
rank 7% = 1 (Corollary [3.15)).

4. The PT theorem applies directly to (M, gg, V), yielding
dim hol°T(VE0) > v = 0.

This bound is trivial, but for £ > 0 the bound becomes non-trivial, as will be established
in Section {] through direct curvature analysis.

In the next section, we apply the deformation strategy and establish the non-trivial lower
bound for the physical connection V¢ = V&1,

4 Applying the PT Theorem via Deformation and Direct Anal-
ysis

The PT lower bound [12] applies directly to genuine Riemannian product manifolds. Our

physical metric gps is a Kaluza—Klein metric that is not a product. However, we have con-

structed a smooth deformation g. (Definition [2.5) that interpolates between the product
metric ggp and the physical metric gpy = g1. In this section, we:

1. Apply the original PT theorem to the product metric gg at € = 0.

2. Establish the lower bound for all € > 0 through direct curvature analysis in adapted
gauge, working with the torsion form explicitly.

3. Apply the result to the physical connection at € = 1.

The key observation is that while the PT bound is trivial at the product limit (¢ = 0), it
becomes non-trivial for all € > 0 due to the vanishing of the obstruction kernel (Lemma[2.16]).
This allows us to establish the desired inequality for the physical system through explicit
parametric calculation in the constants ¢(*¥) characterizing the SOC BEC model.

4.1 Applying the PT theorem to the product metric g,

For ¢ = 0, the metric gg = gz & dqba_ ® d¢? is a Riemannian product. The corresponding
connection V has torsion Ty = F(H) A doy + F (=) Adé_. The PT theorem can be applied
directly to this geometric setup.

14



Theorem 4.1 (PT bound for the product metric). For the product metric go and the con-
nection V0, the PT theorem gives

dim hol°T(VE) > #f = 0.

Proof. The PT theorem (Theorem 5.2 of [12]) states that
dim hol°T (V) > rankg ([w]mixea) — dim Ko.
From Corollary (Section [3) we have
'rg = min(rankg ([w]) — dim Ko, 1) = min(1 — 1,1) = 0.
O

Remark 4.2 (Triviality at the product limit). The bound is trivial for the product metric,
as expected. In the product geometry, the connection VO may have block-diagonal curvature
because the topological obstruction encoded by the mized class is completely absorbed by the
parallel forms: the harmonic representative of [w] belongs to 772(T]§,Z)<§§J771(S(]15Jr X Séi), yielding

dim Ky = 1 and hence rg = 0. This absorption is the geometric reason for the vanishing of

the lower bound at € = 0.

4.2 Direct curvature analysis for ¢ > (

For ¢ > 0, the metric g. is no longer a Riemannian product, and the PT theorem does
not apply directly. However, we can establish the lower bound through explicit pointwise
computation of the off-diagonal curvature components for the SOC BEC model.

The key geometric fact is that for € > 0, the space of vertical parallel 1-forms drops from
dimension 2 to dimension 1 (Theorem , causing the obstruction kernel to vanish: . =0
(Lemma . This yields a non-trivial reduced rank rf=1forall e > 0.

Definition 4.3 (Off-diagonal curvature test for € > 0). Fixz e > 0 and a point p € M. Let
H, and V, denote the horizontal and vertical subspaces of T,M , respectively, and let

Toft : 50(Tp,M) — Hom(Hyp,V,) & Hom(V,, H,)

be the projection onto the off-diagonal component (endomorphisms that map H, — V, and
Vo — Hp).
Define the off-diagonal curvature test at p as the collection of endomorphisms

RO (e) == {moa(R(X,2)) | X €y, Z€V,} C Hom(H,,V,) & Hom(V,, Hy).

The off-diagonal curvature is non-trivial at p if Rgﬁ(e) # {0}, i.e. if at least one mized-input
curvature operator has a nonzero off-diagonal projection.

Remark 4.4 (Intrinsic nature of the off-diagonal curvature test). Although explicit compu-
tations are performed in an adapted gauge (Definition , the set Rgﬂ(s) s intrinsically
defined because:
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1. The curvature tensor RY= (X, Z) is a (1,3)-tensor, independent of any choice of coordi-
nates or gauge.

2. The splitting T,M = H,®YV), is determined by the Kaluza-Klein structure: V, = ker drn|,

and H, = V;"’E.

3. The projection mog depends only on the splitting, not on the choice of basis within each
factor.

By the Ambrose-Singer theorem, if R () # {0}, then bo[gﬂ(vcf) # {0} and hence dim ba[gﬁ(vcf) >
1.

Theorem 4.5 (Off-diagonal holonomy bound for SOC BECs). Consider a two-component
SOC BEC with extended parameter space M = Téz X S(Lr X 5’;)7 equipped with the Kaluza—

Klein metric g. for e > 0.
Under Assumption (constant Berry curvatures F&) = & volgy with ¢&) #0), the
off-diagonal holonomy dimension satisfies:

dim hol®"(VY) > 1 at every point p € M. (4.1)

Proof. We establish the bound by exhibiting a nonzero off-diagonal curvature operator at
every point, using the curvature evaluated on mized inputs (one horizontal, one vertical).
1. Setup in adapted gauge. Fix an arbitrary point p € M and choose adapted gauge where
A& lp =0 (Lemma . At p, the orthonormal frame is

e1 = Ok,, e2=0y, (horizontal, H,), e3 = 0p,, es4=0y (vertical, V),

and the metric reduces to g|, = dk2 + dk; + do3 + de?.
2. Curvature decomposition for mized inputs. The curvature of V¢ = VECE) 4 %TE decom-
poses as

RE(X,Y) = RCE(X,Y) + L(VYOT)(v,) - (VO (X)) + LTx, Ty], (4.2)

where T (Z) == T-(X, Z,-)*.
To detect off-diagonal holonomy, we evaluate (4.2)) on the mized pair X = e; € H,,
Y = e3 € V), and extract the off-diagonal projection

wog(Rcf(el,eg)) € Hom(H,p,V,) ® Hom(V,, H,),

which maps horizontal directions to vertical ones and vice versa.
3. Torsion endomorphisms at p. At p in adapted gauge, the torsion is T;|, = cHelne?ned +
(el A e A e, which is independent of e. The torsion endomorphism table (Lemma of
Appendix |B|) gives, in particular:

Te, (e2) = Mes + c(Hey (H—=V),

T, (e3) = —cHey (V—>H),

Tes (61) = C(+)€23 T€3 (62) = —C(+)61 (7‘[ — H)
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4. Leading contribution: the quadratic torsion term. The commutator [T¢,,T¢,] is computed
entry-by-entry in Proposition of Appendix

[Tey, Tes)(er) = ()2 eg + el ey (H—V), (4.3)
[Tel,Te3](€3) = —(C(+))2 €1 (V - H)’
[TelaTes](e4) = _C(+)C(_) €1 (V — H)

Every nonzero entry is off-diagonal: it maps H — V or ¥V — H. In particular, (4.4) gives

()
1

Toft([Ters Teg)) (e3) = — er # 0 forall ¢ £ 0. (4.6)

5. Subdominance of the remaining terms. The other two contributions to R (e, e3) are:

o Levi-Civita curvature: All curvature 2-forms Q% of g. are proportional to e' A e? (Ap-
pendix . Evaluating on the mixed pair (e, e3) gives zero: RVC()(eq, e3) = 0.

o Torsion derivative: Since the torsion has constant coefficients in adapted gauge and the
connection coefficients are O(e), the covariant derivative VFCETL is O(e).

Therefore:
WOH(RCE(el,eg)) = Tofi(3 10y, Tey]) + Ofe). (4.7)

The leading term (4.6) is a nonzero constant independent of €, while the correction is contin-
uous and vanishes at € = 0. Hence the total is nonzero for all € € [0, 1].

6. Holonomy generation. By the Ambrose—Singer theorem, the holonomy algebra holp(VCE)
contains all curvature endomorphisms R (X,Y) for X, Y € T,M. Since mog(R=(e1,e3)) # 0,
there exists at least one nonzero element in the off-diagonal component

oI5 (V<) := bot, (VE*) N (Hom(Hy, V) & Hom(Vy, H,y)).

By homogeneity of the model (Proposition Appendix , the curvature components are
independent of p, so the bound holds globally:

dimho[gﬁ(vc‘e) > 1 for every p € M, € >0, ¢*) £ 0. (4.8)
O
Corollary 4.6 (Lower bound for € > 0). For every ¢ > 0 and every point p € M,
dim hol°T(VEe) > 1.

Proof. This is the direct statement of Theorem (4.5 O
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4.3 Application to the physical connection

Theorem 4.7 (Lower bound for the physical connection). Under Assumption the physical
connection VC = VO satisfies

dimhol®H(VY) > 1 forallpe M.

Proof. This follows immediately from Theorem by setting ¢ = 1. The physical connection
V¢ is precisely V¢!, which satisfies the inequality for every point in M. O

Remark 4.8 (Direct nature of the argument). The proof of Theorem establishes the bound
through direct pointwise computation of the curvature as an explicit function of the SOC BEC
model parameters (¢t), ¢\2)). The vanishing of the obstruction kernel for e > 0 (Lemma
provides the crucial geometric input that makes the bound non-trivial, contrasting sharply with
the trivial bound at € = 0.

4.4 Geometric and physical interpretation

The inequality dimbol°T(VC) > 1 has a direct geometric meaning: the curvature of the
synthetic gauge connection cannot be made block-diagonal with respect to the splitting T, M =
H,®Vp. At least one independent off-diagonal curvature operator persists, mixing momentum
directions (crystal momenta kg, k,) with the phase directions (¢;,¢—). This represents a
topological obstruction to flattening the Berry curvature simultaneously along both phase
circles.

Remark 4.9 (Topological locking of degrees of freedom). The off-diagonal holonomy can be
interpreted as a form of topological locking: the momentum and phase degrees of freedom
are entangled by the mized cohomology class [w] in a way that cannot be undone by smooth
gauge transformations or metric deformations preserving the cohomology classes [F(i)]. This
locking persists even when local gauge transformations can eliminate the Berry curvature in
restricted subspaces of the parameter space.

Remark 4.10 (Independence of the total Chern number). The bound remains non-trivial
even when the total Chern number vanishes:

_ 1

As long as the individual curvatures are non-zero (&) #0), the mized rank remains r = 1
and the obstruction kernel vanishes for € > 0, yielding r® = 1. This demonstrates that the
mized-tensor-rank invariant captures a local topological constraint that persists when global
topological charges cancel. The structure of the mixed class—not just its integral—determines
the irreducibility of the holonomy.

Remark 4.11 (Robustness under perturbations). The bound depends only on:

1. The cohomology class [w] = [F] @ [doy] + [F)] @ [do_], which is a topological in-
variant.

2. The condition that ¢ # 0, which ensures non-vanishing curvature.
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Both properties are stable under small perturbations of the system parameters (Raman laser
intensities, trapping frequencies, interaction strengths). Hence, the topological obstruction
certified by dim hol°® > 1 is robust against experimental imperfections and represents a generic

feature of the SOC BEC phase diagram.

Remark 4.12 (Relation to the cohomological lower bound of [12]). The lower bound of [12]
applies to cohomologically calibrated connections on Riemannian product manifolds and yields
the invariant r* = min(r—dim K, 1), where r is the mized tensor rank and K is the obstruction
kernel determined by parallel-form strata. In the product limit e = 0 of our model, the metric
go 4 a Riemannian product on Téz X Tf?ber with both factors flat, so Pl(Tf%ber) = R? and
rf = 0: the bound is trivial, consistently with the fact that the product connection has reducible
holonomy.

Fore > 0, the Kaluza—Klein metric g. is no longer a Riemannian product, and the theorem
of [12] does not apply directly. Nevertheless, the algebraic mechanism that drives the transition
rf=0->rf=1in [12]—namely, the collapse of the parallel-form stratum Py from R? to a
proper subspace—has an exact counterpart in our setting: Proposition 77 shows that dim Py
drops from 2 to 1 as soon as € > 0. The direct curvature computation of Theorem [{.5 then
confirms that this drop is indeed accompanied by the appearance of off-diagonal holonomy, as
the cohomological framework would predict.

This suggests that the cohomological invariant v of [12] may capture the relevant obstruc-
tion beyond the Riemannian product setting, at least for Kaluza—Klein deformations of product
metrics where the parallel-form strata remain computable. A rigorous extension of the lower
bound to non-product metrics is an open problem.

4.5 Summary of the proof strategy

The logical structure of the proof can be summarized as follows:

1. Deformation family (Section: We construct a smooth one-parameter family of metrics
{9 }eepo,1) interpolating between the Riemannian product metric go = gpz ® d¢? & dg?*
and the physical Kaluza—Klein metric g = g1.

2. Topological invariants (Section: We compute the mixed tensor rank r = rankg ([w]mixed) =
1 and the obstruction kernels:

dimKp=1 (¢=0), dimK, =0 (e >0).
This yields reduced ranks rg = 0 (trivial) and ri=1 (non-trivial).

3. Product case (e 0): The PT theorem applies directly, giving the trivial bound

dim hol°T (V) > 0.

4. Deformed cases (¢ > 0): Through explicit computation of the curvature R% (X, Z2)
for mixed inputs X € H,, Z € V, (Theorem Appendix , we show that the off-
diagonal projection 7og (R (X, Z)) # 0 at every point, establishing dim hol°f (V) > 1
for every e € (0,1] and every ¢ #£ 0.

5. Physical connection (¢ = 1): The bound holds for the physical connection Ve =va
as a direct consequence of the previous step.
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This strategy rigorously applies the PT cohomological framework to the specific Kaluza—
Klein geometry of the SOC BEC model by establishing that the essential topological constraint—
encoded in rg = 1 for ¢ > O—translates into a geometric lower bound on off-diagonal holonomy
through direct computation of the mixed-input curvature in the model’s parameter space.

5 Topological Lower Bound and Its Physical Consequences

With the geometric construction of Section 2] and the cohomological data of Section |3| at
hand, we now synthesize these results to obtain the main physical consequence: a topological
lower bound on the off-diagonal holonomy of the synthetic gauge connection in the SOC BEC
model.

5.1 Statement of the bound
The central result is expressed by the following inequality, which follows from the uniform
maximal rank of the obstruction map proved in Section

dim ho®T(VY) > 7 = min(r — dim K, 1), (5.1)

where r = rankp ([w]mixed) 1S the mixed tensor rank of the torsion class, and K is the obstruc-
tion kernel. For the physical Kaluza-Klein metric gys, we have established that rf = 1.

5.2 Main theorem: topological lower bound for SOC BECs

Theorem 5.1 (Topological lower bound for SOC BECs). Let M = T2, x Séﬂ X S;L be the
parameter space equipped with the Kaluza—Klein metric gyr (Definition and the metric
connection VC with torsion T = F(H) A0 £ FO) A0 Under Assumption (constant
Berry curvatures), the off-diagonal holonomy algebra of VC satisfies

dim ho?T (V) > 1 for every point p € M. (5.2)
Proof. The proof follows from the uniform deformation analysis of Section

1. Topological and geometric invariants: The mixed tensor rank is » = 1 (Theorem [3.6)).
For & > 0 the obstruction kernel vanishes, K. = 0 (Lemma [2.16)), giving reduced rank
i _
re = 1.

2. Uniform bound for all € > 0: Theorem proves that the obstruction map @f) has

maximal rank 7f = 1 for every ¢ € (0,1] and every point p. By Ambrose-Singer, this
yields dimho[gﬁ(vcf) > 1 uniformly (Corollary .

3. Physical endpoint: Since € = 1 belongs to the interval (0, 1], the bound holds directly
for the physical connection V.

O]

Remark 5.2 (Methodological scope). The adaptation strategy employed in this work does
not rely on specific features of the SOC BEC model beyond the constant curvature assumption
(Assumption . The key ingredients are:
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1. a smooth deformation family {ge}ee[o,l} interpolating between a Riemannian product
metric (¢ = 0) and the physical metric (e =1);

2. explicit computation of the parallel-form strata P¥(M;,g.) for the deformed metrics;

3. werification that the obstruction kernel K. has reduced dimension for € > 0 compared to
the product limit.

This framework applies whenever the total space admits a fibered structure with computable
cohomology and parallel forms. Natural candidates include Kaluza—Klein reductions in su-
pergravity, principal bundles with connection in Yang—Mills theory, and synthetic gauge field
systems in photonics and condensed matter physics.

5.3 Physical interpretation: non-removable off-diagonal curvature

Inequality means that the synthetic gauge curvature cannot be made block-diagonal
with respect to the splitting T,M = H, ® V,. At least one independent off-diagonal curva-
ture operator persists, mixing momentum with the phase directions ¢.. This represents a
topological obstruction to simultaneous flattening of the Berry curvature along both phase
circles.

5.4 Persistence of the bound when the total Chern number vanishes

A crucial feature is that the bound is insensitive to the total first Chern number ¢{°" =

cgﬂ + cgf).

Corollary 5.3 (Bound independent of total Chern number). If c§+) # 0 and A7) = —c§+)

(so ¢t =0), Theorem still gives
dim hol°T (V) > 1.
Thus the topological obstruction persists even when the net Berry flux vanishes.

Proof. As long as both F(&) £ 0, the mixed tensor rank is 7 = 1 and K. = 0 (Lemma [2.16)).
The bound follows directly from Theorem O

5.5 Robustness and experimental signatures

The bound depends only on topological data (Jw] and parallel-form strata), making it robust
against perturbations. This suggests interferometric protocols to detect correlated Berry
phases in the two U(1) sectors.

Proposition 5.4 (Experimental signature). Under Assumption no smooth gauge trans-
formation can stmultaneously eliminate the Berry phases @E and @5 accumulated along any
non-contractible loop v C Téz. The persistent off-diagonal holonomy guarantees at least one
non-zero component of (®5(v), ®5(7)) for every ~.
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5.6 Summary

The inequality dim hol°®(VC) > 1 provides a cohomologically defined, locally non-trivial
obstruction to complete Berry curvature removal in SOC BECs, valid even when global Chern
invariants vanish. This extends the Chern-number paradigm to a finer classification based on
mixed cohomology classes.

6 Physical Consequences and Experimental Signatures

The topological lower bound established in Theorem has direct physical consequences
for the synthetic gauge structure of spin-orbit-coupled BECs. These consequences manifest
as irreducible geometric couplings between momentum and phase degrees of freedom, with
observable signatures in interferometric measurements.

6.1 Geometric obstruction to gauge flattening

The inequality dim hol® (V) > 1 implies that the curvature tensor of the synthetic gauge
connection cannot be made block-diagonal with respect to the splitting T,M = H, ® V). In
more physical terms, no smooth gauge transformation or continuous deformation of the con-
densate order parameter can simultaneously eliminate the mixed components of the curvature
that couple momentum to phase directions.

Definition 6.1 (Mixed curvature components). Let X € H, be a horizontal vector (mo-
mentum direction) and Z € V, a vertical vector (phase direction). The mized curvature
components are defined as:

Q(X, Z) := RY(X, Z) € s0(T,M),
which map horizontal directions to vertical ones and vice versa.

Theorem [5.1] guarantees that at least one such mixed component is non-zero at every point
p € M. This represents a topological obstruction to flattening the synthetic gauge connection
simultaneously along both phase circles ¢ and ¢_.

6.2 Interpretation in terms of Berry curvature non-integrability

The mixed holonomy bound has a direct interpretation in terms of the non-integrability of
the Berry connection. For a two-component SOC BEC, the synthetic gauge fields A give
rise to Berry curvatures F'&) = dA®). The topological lower bound implies that even if the
net Chern number vanishes, the Berry connection cannot be simultaneously made flat in both
U(1) sectors.

Corollary 6.2 (Non-flattenability of Berry curvature). Under Assumption suppose () £
0 and =) £ 0. Then there does not exist a smooth gauge transformation

A A 4 g\

that makes both curvatures vanish identically, i.e., such that F(T) = F(=) =0 everywhere on
13,
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This result is stronger than the usual Chern number obstruction: the Chern number only
prevents making the curvature exact, but here we show that even when the Chern numbers
(+) (—))

cancel (¢’ = —c¢
simultaneously.

, the curvature cannot be made to vanish pointwise in both sectors

6.3 Experimental signatures via interferometry

The geometric obstruction predicted by Theorem suggests concrete interferometric tests.
Consider measuring the Berry phases accumulated along closed loops v C T]_%Z separately for
the two phase sectors ¢, and ¢_.

Definition 6.3 (Two-component Berry phase vector). For a closed loop 7 in the Brillouin

zone, define:
()
s = (35

where ®%(y) = j{y A®) are the Berry phases for the two U(1) sectors.

If the synthetic gauge field were fully reducible (i.e., if the holonomy were block-diagonal),
one could choose gauges where both @E(’y) and ®;(v) vanish for every loop 7. The bound
dim ho!°® > 1 forbids such simultaneous vanishing.

6.4 Comparison with Chern number physics

The mixed-rank invariant rf provides a finer classification than the Chern number in several
important respects:

Chern number Mized rank invariant r¢

Global invariant (integrated over BZ) Local structural invariant

Quantizes net vorticity Quantifies irreducible coupling

Vanishes when fluxes cancel Non-zero when individual fluxes are non-
ZETro

Detects topological charge Detects topological entanglement

Table 1: Comparison between Chern number and mixed-rank invariant.

The key distinction is that the Chern number ¢{°* can vanish due to cancellation of lo-

cal contributions, while 7 remains non-zero as long as both individual curvatures are non-
vanishing. This makes r# particularly valuable for detecting topological effects in compensated
systems or synthetic vacuum configurations.

6.5 Robustness and experimental feasibility

The topological lower bound is robust against typical experimental perturbations for two
reasons:

1. Topological invariance: The mixed tensor rank r depends only on cohomology classes,
which are stable under small deformations of the Hamiltonian.
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2. Open condition: The non-parallelism condition VT 2 0 is open in the space of metrics
and connections.

Current experimental capabilities in cold-atom systems are sufficient to test these predic-
tions:
e Independent phase control: Optical "painting” techniques [8] allow independent manip-
ulation of ¢4 and ¢_.

e Berry phase measurement: Interferometric methods used to map Berry curvature in
Hofstadter bands [2] can be adapted to track two phase sectors.

o Momentum-space tomography: Time-of-flight measurements provide access to the Bril-
louin zone geometry.

A proposed experiment would:

1. Prepare a two-component SOC BEC in a toroidal trap.

2. Adiabatically transport the condensate along independent cycles 1, y2 in the Brillouin
zone.

3. Measure the accumulated phases @E and ®5 separately using interferometry.

4. Verify that no gauge transformation can simultaneously eliminate both phases.

6.6 Implications for topological quantum matter

The results presented here extend the classification of synthetic gauge fields beyond conven-
tional topological invariants. The mixed-rank framework:

1. Reweals hidden topology: Detects topological obstructions invisible to Chern numbers.

2. Quantifies entanglement: The rank r measures the irreducible coupling between different
degrees of freedom.

3. Generalizes to multi-component systems: The approach naturally extends to systems
with more than two internal states.

This suggests that mixed cohomology classes provide a powerful tool for characterizing the
topological structure of synthetic gauge fields in engineered quantum systems, with potential
applications beyond cold atoms to photonic systems, superconducting circuits, and other
synthetic quantum platforms.

7 Illustrative Examples: From Chern Numbers to the Mixed
Rank

The general lower bound dim hol°®(V®) > 1 derived in Theorem establishes a universal
constraint for generic two-component SOC BECs. In this section, we illustrate its operational
significance in two paradigmatic scenarios: first, the standard Rashba—Dresselhaus texture,
where our framework recovers the phenomenology of Chern-number-induced obstructions;
second, a configuration with vanishing net Chern flux, where the mixed-rank invariant r*
reveals topological features inaccessible to traditional global invariants.
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7.1 Example 1: Rashba—Dresselhaus texture and the maximal rank r =1

Consider a two-dimensional, two-level Hamiltonian of the Rashba-Dresselhaus (RD) type:

~ 1
Hep(k) = 5=(P— Aqn(k)® + Bon(k) -0, k= (kn,k) € Ty,

where Agy, (k) and Bgyy, (k) represent the synthetic vector potential and Zeeman field, respec-
tively. For generic coupling parameters k and €, the lower dressed band induces a spin texture
map n : T]_%Z — 52,

The associated eigenline bundle . — T2, has a first Chern number ¢; (L) equal to the
degree of n. For a minimal RD texture with degree 1, the Berry curvature F' represents a
non-trivial cohomology class [F| € H?(T3,;Z).

In the extended parameter space M = Téz X S(;15+ X S;L, the synthetic torsion class is

[w] = [F] ® [dp4] + [F]®[do-] € H*(M;R).

Since dim H?(T3,) = 1, the two summands are linearly dependent, and the class factors as a
single simple tensor:

w] = [Fl® ([do+] + [do-]).-
Hence, the mixed tensor rank is r = 1. For the product metric gy, the obstruction kernel has
dim [Cy = 1, giving r = 0. However, for the physical Kaluza—Klein metric gjs (or any g. with
e > 0), Theorem shows K = 0, so 7f = 1. By the direct curvature analysis (Section
we obtain

dim hol°T(VE) > 1.

Remark 7.1 (Local vs. global structure). When ¢1(L) # 0, the underlying principal bundle is
topologically non-trivial. Nevertheless, our geometric analysis is performed in local trivializa-
tions, where M is diffeomorphic to T* and the metric takes the form . The deformation
argument and the pointwise injectivity of the obstruction map are local in nature and can
be applied in each trivialization. Thus, the bound dim bo[oﬁc > 1 holds locally, detecting the
wrreducible coupling between momentum and phase directions even when the global bundle is
non-trivial.

7.2 Example 2: Topological persistence under vanishing net Chern flux

The power of the mixed-rank invariant becomes most apparent when global topological charges
cancel. Consider a configuration where the two U(1) sectors carry Berry curvatures with equal
and opposite integrated fluxes:

1
2m g,

1

F(+) = +1, —
om Jrz,

FO = 1. (7.1)

Then the total Chern number ¢{°* = c§+) +c{™ = 0. Conventional Chern-number diagnostics
would classify this regime as topologically trivial, yet our bound reveals a residual topological
obstruction.

Under Assumption we have F(&) = &) volgy with ¢(t) = —¢(=). The cohomology
classes satisfy [F(7)] = —[F(1)]. Hence, the torsion class becomes

w] = [FP] @ [do,] + [FO @ [do-] = [FD] @ ([dp+] — [do-]),
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which again has mixed rank r = 1. Since F(¥) £ 0, the obstruction kernel vanishes for the
physical metric, giving r# = 1. Theorem therefore guarantees

dim hol°F(VY) > 1,

even though c{°* = 0.

To see the bound concretely, choose the explicit connections
1
A = E(kxdky — kydky), AT =AW,

which satisfy (7.1) on a torus of period 27 in each direction. Write ¢ := ¢(*) = 1/(27), so
that ¢(~) = —¢. The torsion 3-form in adapted gauge is

T = cdky A dky A (déy —dé_).

Following the method of Appendix we evaluate the curvature on mized inputs (one
horizontal, one vertical). The torsion endomorphisms give, at leading order, the quadratic
torsion brackets:

[N

2 2
Woﬂ(%[Tel, 63]) cer— Gles—eq), ez —Fe1, eg Te,

M

2 2
Woﬂ(%[Te2, 63]) teg Tlez—eq), e3> —Fea, eq Fea
These two off-diagonal operators are linearly independent in Hom(Hy,V,) & Hom(V,, Hp):
the first involves e; while the second involves es. With ¢ = 1/(27), the coefficient is ¢?/4 =

1/(1672) # 0, confirming that in this specific geometry
dimbhol*H(VY) > 2 > 1 = oF,

Remark 7.2 (Sharpness of the bound). The explicit computation confirms that the bound
dim hol°® > 1 is sharp in the sense that it cannot be improved without additional assumptions:
there exist geometries (like the product metric go) where the off-diagonal holonomy is trivial,
while for generic Kaluza—Klein metrics the bound is non-trivial and often exceeded. In the
example above, two linearly independent mixed-input curvature operators generate at least a 2-
dimensional off-diagonal holonomy algebra, illustrating that v = 1 is a lower bound; particular
geometries may exhibit a richer off-diagonal holonomy.

7.3 Comparison: Global invariants vs. mixed rank

The distinction between ct°* and r# reflects a fundamental dichotomy between integrated and

structural topology:

The mixed rank r counts the minimal number of simple tensors needed to represent
the cohomology class [w] in the Kiinneth decomposition. In our geometry, r = 1 when-
ever both individual Berry curvature classes [F(*)] are non-zero (and hence proportional,
because dim H2(T?) = 1). Thus r measures the irreducible geometric coupling between the
Brillouin-zone torus and the phase fibres. The bound dimhol°® > r# therefore constrains
the algebraic complexity of the curvature, ensuring that the synthetic gauge field remains
“locked” in a non-trivial configuration even when the net topological charge vanishes.
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Chern number ¢{°* Mized rank r*

Global aggregate of curvature Local algebraic measure of coupling

Quantifies net vorticity Quantifies irreducible entanglement

Can vanish by cancellation Non-zero if each factor curvature is
non-zero

Detects topological charge Detects topological locking

Table 2: Comparison of topological invariants.

7.4 Summary

The Rashba—Dresselhaus example shows that the mixed-rank framework is consistent with
established Chern-number results, while the ¢{°* = 0 example demonstrates that it provides a
finer classification, detecting locally non-removable curvature that conventional global invari-
ants miss. This makes ¥ a superior tool for analyzing the stability of synthetic gauge fields in
complex SOC BEC architectures, especially in compensated regimes where global topological

charges cancel but local geometric obstructions persist.

8 Beyond the Chern Number: Local Geometric Constraints
and Prospective Experimental Protocols

While the Chern number ¢; quantifies the net vorticity through a global integral over the
Brillouin zone, the lower bound on the off-diagonal holonomy dimension, r¥, acts as a local
structural constraint. It obstructs the simultaneous annihilation of Berry curvature compo-
nents along independent directions within the product geometry. This phenomenon can be
visualized as the Berry curvature being constrained to move along topological “rail-tracks” in
the configuration space: even when the total topological charge is tuned to zero, specific di-
rectional components remain geometrically locked and cannot be erased by any smooth gauge
transformation.

In the two-component SOC BEC manifold M = T]_%Z X S(}hr X Sl_, the bound 7# = 1 is
non-degenerate. Under Assumption the constant, non-zero Berry curvatures break the
integrability of the horizontal distribution, ensuring X = 0. Consequently, the bound holds
directly for the physical Kaluza—Klein metric gp;. The curvature of any metric connection
calibrated by the mixed class [w] is thus irreducible to a block-diagonal form; at least one
independent off-diagonal operator persists, fundamentally mixing momentum dynamics with
the phase evolution of ¢4 and ¢_.

This geometric prediction suggests concrete interferometric tests. Consider the simulta-
neous measurement of the Berry phases ®5(7y) and ®5(7) accumulated along a closed loop
v C Téz by separately addressing the global and relative phase sectors. If the gauge field
were fully reducible (i.e., if the holonomy were block-diagonal with respect to the product
splitting), one could choose a gauge where both phases vanish for every 4. The bound 7 = 1
forbids such a simultaneous vanishing across all loops. For any pair of independent cycles
{71,772} in Téz, the two-component Berry-phase vector:

Bp = (Ph(m), P5(n), 2L (12), P5(72))

cannot be continuously deformed to zero while preserving the mixed cohomology class [w].
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Such measurements are within the reach of current cold-atom experimental capabilities.
Interferometric techniques used to map Berry curvature in Hofstadter bands [2] or to probe
spin-texture topology in SOC systems [9] can be adapted to track the two phase degrees of
freedom ¢+ independently [5]. The required control can be implemented via optical “paint-
ing” [8], allowing for precise spatiotemporal manipulation of the condensate’s phase profile.

Observing that these Berry-phase components cannot be simultaneously flattened would
provide the first direct experimental signature of the topological obstruction captured by r.
This demonstrates that the mixed-cohomology framework not only yields a rigorous math-
ematical lower bound but also provides a feasible protocol for detecting locally irremovable
Berry curvature, effectively moving the study of quantum gases beyond the global Chern-
number paradigm.

9 Conclusions

We have demonstrated that a two-component spin—orbit-coupled (SOC) BEC possesses an
intrinsic geometric obstruction that prevents the simultaneous flattening of Berry curvature
along the independent phase directions ¢.. This obstruction persists even when the net
global Chern flux vanishes, identifying a topological regime that eludes traditional integrated
invariants.

The extended parameter space M = T]_%Z X S(L xS 17, equipped with the physical Kaluza—

Klein metric gp; induced by synthetic gauge fields, carries a metric connection V¢ with
totally skew-symmetric torsion. Under Assumption (constant Berry curvatures), we have
established that the mixed tensor rank of the torsion class is r = 1.

The core of our proof lies in the resolution of the Kaluza—Klein kernel problem. By
introducing a smooth deformation family of metrics g (Definition , we have shown that
while the original PT bound is trivial for the product metric (¢ = 0), the obstruction kernel
K. vanishes for any € > 0 due to the non-parallelism of the vertical coframe (Theorem [2.13)).
By applying Theorem [£.7], we transferred the non-trivial bound from the deformed cases to
the physical endpoint € = 1. This yields the sharp inequality:

dim hol°T(VY) > 1. (9.1)

This algebraic constraint implies that momentum degrees of freedom are fundamentally
“locked” to the phase sectors, an irreducible coupling that cannot be removed by smooth gauge
transformations. The persistence of the bound in regimes with zero total Chern number—
as illustrated in Section highlights that the mixed-rank invariant r* operates beyond the
Chern-number paradigm, detecting structural features of the gauge field that integrated in-
variants fail to resolve.

Experimentally, this framework suggests interferometric protocols to resolve independent
Berry phases (Section , providing a direct signature of locally irremovable curvature. Con-
ceptually, it establishes a new mechanism for geometric robustness in synthetic gauge systems,
controlled by the algebraic structure of mixed cohomology components.

In conclusion, beyond the specific application to spin—orbit-coupled BECs, the deforma-
tion strategy developed here—reducing a Kaluza—Klein geometry to its product limit while
tracking the evolution of the obstruction kernel—provides a general template for extending
the Pigazzini-Toda lower bound [I2] to fibered geometries beyond the Riemannian product
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setting. The essential requirement is that the parallel-form strata be computable for the
physical metric, enabling explicit evaluation of the reduced rank rf. We expect this approach
to be applicable to other physical systems where synthetic gauge fields induce non-trivial ge-
ometric phases, including photonic topological insulators, superconducting qubit arrays, and
higher-dimensional Kaluza—Klein compactifications in string theory.
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A Levi-Civita Connection of the Deformed Metric

In this appendix, we derive the connection 1-forms and the covariant derivatives for the
deformation family g. defined in (2.1). We work in a local coordinate system (z,y, ¢+, p_)
on M such that gy = dz? + dy? and F&) = ¢Fdz A dy.

A.1 Orthonormal Coframe

For a fixed € € [0,1], an orthonormal coframe {e} for g. is:

et =dz, =dy, & =do,+ €A(+), et =do_ + A,

The structure equations de® + w9 A e =0 (with wgp = —wp,) determine the connection
1-forms.
Taking the exterior derivative of €3 and e?:

de® = edA™) = ecHel A e?, det= edA) = ecHel A e

The non-zero connection 1-forms are:

ect) ec) |
W31 = —Wi3 = — 5 €, W32 = —W23 = €,
Ec(f) 2 gc(f) 1
W41 = —Wi14 = — €, W42 = —Wy = €.
2 2
A.2 Covariant Derivatives of the Coframe
The covariant derivative of the vertical 1-forms is Ve = W} ® eb.
For e3:
LC. 3 ec?) 2 1 1 2
V&tee :T(e Qe —e ®e). (A1)
Similarly for e?:
(=)
ViCeet = %(62 el —el @e?). (A.2)

Note that for ¢ = 0 (product metric), VC0e3 = VICoet = (0, confirming that vertical
forms are parallel in the product case. For € > 0, the vertical coframe is no longer parallel.
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A.3 Christoffel Symbols
A.3.1 Computation of Ff;
We now derive the explicit formula for the mixed Christoffel symbol using the connection

1-forms computed above.

Direct computation from connection 1-forms. At point p in adapted gauge, the Christof-
fel symbols are related to the connection 1-forms by:

Loyl = Tla|, = ws2(00)]» (A.3)
where we use the coordinate identification 2! = z, 22 =y, 2% = ¢,.
From the connection 1-forms derived above:
(+) (+)
ec ec
wsz = —5 et = 5 dx. (A4)
Evaluating on 0,:
(+) +)
ec ec
wgz(axﬂp =3 x(0z) = 5 (A.5)
Therefore: )
ec
ros p =g (A.6)
Antisymmetric part and torsion verification. For the other mixed component:
(+)
ec
Li|, = wse(dy)], = 5 4w () = 0. (A7)
The antisymmetric part (related to torsion) is:
+) (+)
é bt _ ec . ec
Il —Thi=—5 —0=——. (A.8)
Note that the full torsion 3-form 7T, evaluated gives:
Ta(azca 8ya 8¢>+) ‘p = C(+)7 (Ag)

which differs from the Christoffel antisymmetric part by a factor. This is because the connec-
tion V¢ with torsion (Proposition [2.11)) has the relationship:

VY = VACY 4 T(X,Y, (A.10)

where the factor 1/2 and the metric raising of the index account for the difference. The
Christoffel symbols computed here are those of the Levi-Civita connection V¢ which enter
the curvature formula used in Theorem [4.5
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Final result. The mixed Christoffel symbols are ezact (no higher-order corrections):

)
ec
Fi; p="g (A.11)
=)
ec
Fgg; ‘p = (A.12)

with all other mixed symbols vanishing. These are exact because the connection 1-forms ws,,
wy, are linear in e with constant coefficients (under Assumption , and no higher-order
terms arise in the structure equations.

These formulas provide the explicit Christoffel symbols required for the curvature compu-
tation in Theorem [£.5] and Appendix

B Curvature Computation for the SOC BEC Model

We establish the non-vanishing of off-diagonal curvature for the connection V¢, thereby
justifying Theorem The computation uses the adapted gauge of Appendix[A]and exploits
the homogeneity of the model under Assumption

B.1 Notation and curvature decomposition
At a point p € M in adapted gauge, the orthonormal frame is
e1 =0z, €3 =20, (horizontal, Hp), e3 =0p,, €1=04h_ (vertical, V).

Definition B.1 (Off-diagonal endomorphism). An endomorphism A € so(T,M) is called off-
diagonal (with respect to the splitting Hy, ® V,) if A(Hp) C Vp and A(Vy) C Hyp. We write
ot (A) for the off-diagonal projection of A.

The curvature of V& = vEC(E) 1 %TE decomposes as
R (X,Y) = RME(X,Y) + L{(VEEOT) (v, ) — (VIO (X, )" + LiTx, Tv], (B.1)

where T (Z) := T-(X, Z,-)* and [T, Ty] := Tx o Ty — Ty o Tx.
To produce an off-diagonal holonomy generator we evaluate the curvature on mized inputs:
one horizontal, one vertical. Concretely, we compute

Wog(RCE(el,eg)) € Hom(H,p,V,) ® Hom(V,, H,).

B.2 Homogeneity of the model

Proposition B.2 (Homogeneity). Under Assumption the curvature tensor RC is translation-
mwvariant on M = T]%Z X Sé+ X Sé_. In particular, its components in the orthonormal frame
{e1,e2,e3,e4} are independent of the point p € M.

Proof. The torsion 3-form at p in adapted gauge reads 1%|, = dHelne?ne® + el ne?ne?,

with constant coefficients ¢¥). The connection 1-forms (Appendix are wsg; = _ec®) 2

2 Y
(++) (=) (-) . . .
wse = E5—el, wy = —5—€?, wyg = £5—€', all with constant coefficients. Since the curvature

2-forms Q%, = dw®, + w®. A w% and the torsion endomorphisms T’x are computed from these
constant data, every component of R is independent of p. O
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Corollary B.3 (Pointwise implies global). If mog (R (e;,eq)) # 0 at one point py € M, then
the same holds at every p € M.

B.3 Torsion endomorphisms
The torsion at p in adapted gauge is
Ty, = P elae?ne® + el Ae?ael.
This expression is independent of € at p (because A(i)]p = 0 in adapted gauge).

Lemma B.4 (Torsion endomorphism table). The nonzero values of the endomorphism T, (ep) =
T(eq,ep,-)" are:

T, (e3) b=1 b=2 b=3 b=4
a=1 0 cdPes+c ey —cPey  —c(Hey
a=2 | —cMeg —(Hey 0 ey ey
a=3 C(+)62 —C(+)61 0 0
a=4 c(_)eg —c(_)el 0 0

Proof. Direct computation from T'(eq, ep,ec) = ¢ (el A € A €3)(eq, en, ec) + ) (el A e2 A
e*)(ea, ey, €c) and the definition T, (ep) = >, T(€q, €p, €c) €c- O

Remark B.5 (Type analysis). Observe from the table:
o T, (e2) =cPeg+cHeg €V (H— V: off-diagonal).

o T, (e3) = —cHPey e H (V= H: off-diagonal).

o To(e1)=cPey € (H — H: diagonal).

Thus the torsion itself already mixes horizontal and vertical directions. The quadratic torsion
term £[Tx,Ty] inherits this mizing.

B.4 Quadratic torsion for mixed inputs

We compute the commutator [T, , Te,] using the table of Lemma

Proposition B.6. The commutator [T, T.,] € gi(Tp,M) is given by:

Proof. We compute each entry using [T¢,, Tes](ec) = Tey (Tes(€c)) — Teg (Te, (ec)):

Action on ey: To,(er) = ey, Then T, (cHey) = ¢ (cHPez + ¢(Hey). Also T, (e1) = 0,
s0 Ty, (T, (1)) = 0. Result: (c(1)2e3 + (el Hey.

32



Action on es: (62) —cHey. Then T,,(—cHey) = 0. Also T, (e3) = cHes + (Hey,
T.,(cPes 4 = )64) . Result: 0.

Action on e3: Te,(e3) = 0, so the first term vanishes. Ty, (e3) = —cPeg, T, (—cHey) =
—cP(=cHPep) = (1))2e;. Result: 0 — (cH))2e; = —(cH)2ey.
Action on eq: Toy(eq) = 0, so the first term vanishes. Ty, (eq) = —cTeq, To,y(—c(Hey) =
_C(_)(_C(+)el) C(+) ( ) Result O_C(+) ( ) —C(+)C(_)€1. D
Corollary B.7 (Off-diagonal projection). The off-diagonal part of [Te,, Tes] is:
e1 = (cN)2es+ ey (H - V),
ey —r 0,
Toft ([Teys Tes]) , (B.6)
ez = —(ct)2e (V= H),
eq = —cMe(H) eg (V= H).

FEvery entry in is already off-diagonal (no projection is lost), and the map is nonzero
whenever ¢t #£ 0.
B.5 Contribution of the remaining curvature terms

The curvature R (ey, e3) also receives contributions from R*C() and from the torsion deriva-
tive 2[(Ve, T)(es, ) — (Ve T)(e1,)]*. We now verify that these are of lower order.

Lemma B.8 (Levi-Civita curvature for mixed inputs). For mized inputs (e1,e3), the Levi-
Cwita curvature vanishes to leading order:

RLC(E)(el, 63) =0. (B.7)

Proof. The curvature 2-forms computed in Appendix |A| are all proportional to el A e?:
2

Qly = [+ ()] el A e?,

and 03] = 035 = O = Q% = O3, = 0. Evaluating any Q% on (ej,e3) gives zero, since
el Ae(er,e3) = 0. O

Lemma B.9 (Torsion derivative for mixed inputs). The torsion-derivative contribution to

R% (e, e3) is of order O(e):
(Ve Te)(es, ) — (Ve I2) (e, )]F = O(e). (B.8)

Proof. The torsion T;|, = cHelne2Ae? 4+ el Ae?A et has constant coefficients in adapted
gauge. Its covariant derivative (VxT')(Y, Z,W) involves Christoffel corrections applied to
each argument. Since the only nonzero connection coefficients are of order e (specifically,
w3q ~ ect) and wy, ~ ec(7)), the covariant derivative VT is O(e). O

33



B.6 Main result: non-vanishing off-diagonal curvature
Theorem B.10 (Off-diagonal curvature for mixed inputs). For all ¢*) # 0 and € > 0, the
off-diagonal curvature at every point p € M 1is nonzero:

WOH(RCS (e1,e3)) # 0 for all p € M. (B.9)
Proof. We evaluate the three terms in the curvature decomposition (B.1]) for the mixed inputs
X:61€HP,Y263€VP.
Term 1 (Levi-Civita): By Lemma RYCE)(eq, e3) = 0.
Term 2 (Torsion derivative): By Lemma [B.9] this is O(e).

Term 8 (Quadratic torsion): By Proposition the off-diagonal projection gives at
O1):

(+))2 (4) (=) (+))2
Ton(§Te, Tual) = e e+ e, e — ke (B.10)

For ¢(*) # 0, the map e3 — —%el is nonzero.

Combining: The off-diagonal part of the curvature is

7Toﬂf(}%as(ela63)) = WOH(%[TelﬁT%D + O(€>

At ¢ = 0 the leading term is already nonzero (it equals ) Since the leading term is
independent of € and the correction is continuous and O(g), for all € € [0, 1] the total remains
nonzero.

Precisely: the matrix element (e, Tog(R% (e1,e3)) e3) = —% + O(e), which is strictly
negative for all € sufficiently small, and by continuity and the explicit polynomial dependence
on €, remains nonzero for all € € [0, 1] (one verifies that the O(e) correction cannot cancel the
leading term for finite ¢, since the correction is at most linear in € while the leading term is
a fixed nonzero constant).

By homogeneity (Proposition [B.2)), the result holds at every point p € M. O

Remark B.11 (Role of each curvature input type). The computation reveals a crucial struc-
tural point: the off-diagonal holonomy generator arises from the curvature with mixed inputs
RC(e1,e3) (one horizontal, one vertical), not from the horizontal-input curvature RC(e1, es).

The curvature RC (e1,eq) restricted to Vp measures the so(V)-component of the holonomy
(the diagonal part, which rotates fiber directions among themselves). This component is also
nonzero but does not contribute to hol°t.

In contrast, R®(eq,e3) evaluated on the basis vectors produces endomorphisms that map
H —V andV — H, which is precisely the Hom(H,V) ®Hom(V,H) component of so(T,M)—
the off-diagonal holonomy algebra hol°T in the sense of [12].

B.7 Global off-diagonal holonomy bound
Corollary B.12 (Global off-diagonal holonomy bound). For all ¢*) # 0 and € € (0,1]:

dimho[gﬁ(vcf) > 1 for every p € M. (B.11)
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Proof. By Theorem the off-diagonal curvature operator mog(R%(e1,e3)) # 0 at every
point p € M. By the Ambrose—Singer theorem, this operator belongs to ho[p(ch). Its off-

diagonal projection is nonzero by construction, so f)o[gﬁ(VCE) # {0}, yielding dimho[g1Ef >
1. ]
B.8 Explicit off-diagonal curvature for all mixed inputs

For completeness, we record the leading-order off-diagonal projection for all four mixed-input
curvatures.

Proposition B.13 (All mixed-input off-diagonal curvatures). At leading order O(1), the
off-diagonal projections of the quadratic torsion term for all mized input pairs are:

Woﬁ"(i e T ) €1 — (e )) €3+ C(H c )64, e3 —(C(z))Q ey, e4r> —70(“5(7)61, (B.12)
re(Tn T+ gy €080 o €02 0 EOR gy
7Toﬁ"(% 627 ) €2 '_> ) 263 + CH)IP) €4, €3+— —(C(Z))z €2, €4+ —%62, (B14)
Tott( 5 [Teas Tea]) - CH)C( Les + (C(;))2e4, e3 — —%62, eq —(C(;))262. (B.15)

In particular:
o If () £ 0: the pairs (eq,e3) and (ez,e3) yield nonzero off-diagonal operators.
o If 5) £ 0: the pairs (e1,es) and (ea,e4) yield nonzero off-diagonal operators.
o For ™) £ 0 and ) % 0: all four pairs produce nonzero off-diagonal curvature.

Proof. Analogous to the proof of Proposition using the torsion table of Lemma O

B.9 Physical interpretation

Remark B.14 (Experimental significance). The homogeneity of the SOC BEC model has
direct experimental consequences:

1. Uniform constraint: The off-diagonal curvature is nonzero at every point in the extended
parameter space, not just on a dense open set. Any measurement of Berry-phase cor-
relations will detect the irreducible mizing of momentum and phase degrees of freedom,
regardless of the momentum-space location.

2. Robustness: The leading off-diagonal contribution (Theorem is of order O(1) in
the deformation parameter €, arising from the quadratic torsion term. This is struc-
turally stable: it depends only on the constants ¢ £ 0 and cannot be removed by small
perturbations.

3. Mized-input origin: The off-diagonal holonomy arises from the curvature with mized
(horizontal-vertical) inputs, reflecting the physical coupling between momentum trans-
port (H) and phase evolution (V).
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