Optimal smooth approximation of integral cycles
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In this article we prove that each integral cycle T in an oriented Riemannian
manifold M can be approximated in flat norm by an integral cycle in the same
homology class which is a smooth submanifold ¥ of nearly the same area, up to a
singular set of codimension 5. Moreover, if the homology class 7 is representable
by a smooth submanifold, then ¥ can be chosen free of singularities.
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1 Introduction

1.1 Motivation and historical background

Integral currents represent one of the most satisfactory analytic and topological for-
mulations of the concept of generalized surfaces, that is m-dimensional submanifolds
in (m + n)-dimensional ambient manifolds having sufficient compactness properties
to allow the application of the direct methods in the calculus of variations. Integral
currents were introduced by Federer and Fleming in their celebrated article [19] to
provide a successful solution to the so-called oriented Plateau problem: the problem
of finding an oriented generalized surface of smallest area spanning a given boundary
or representing a given homology class. One of the main results of [19] is that each
homology class with coefficients in Z can be represented by a cycle of least area. These
existence theorems have been followed over the years by powerful regularity theories
for minimizers, showing that solutions are a posteriori much more regular than one
might expect a priori, see [10, 2, 1, 3, 5, 11, 12, 13, 14, 15].

The natural question of how much smoother integral currents are with respect to
their original definition goes back to the late 1950s and to the origin of the theory
of integral currents with the seminal article of Federer and Fleming, see [17, 19]. In
particular, in [19, page 1, lines 30-31], the authors write: “Integral currents are actually
much smoother than one might expect from the preceding definition”, introducing the
well-known deformation theorem of integral currents and the strong approximation
theorem by means of polyhedral chains with integer coefficients, see [19, Theorems 5.5
and 8.22]. The deformation theorem represents a cornerstone in the theory, showing
that the space of integral currents is the closure with respect to the flat topology of the
space of polyhedral chains with integer coefficients.

A basic question in the theory of integral currents is thus the following.

Question 1 “How closely can one approximate an integral current T representing a
given homology class T by a smooth submanifold?”
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It may happen, in full generality, that integral currents are singular due to topological
obstructions: in [33], Thom provides an example of a homology class of dimension
7 in a manifold of dimension 14 which is not realizable by means of a submanifold,
cfr. Example 6.1. Moreover, it turns out that for each dimension greater than 7 there
exist (in some manifold of arbitrarily large dimension) nonrealizable integral homology
classes, see [33, Théoreme II1.9]; therefore, any integral current representing such a
class must have singularities. Nevertheless, these obstructions motivate the following
very natural question.

Question 2 “Suppose that a given homology class T is realizable by a smooth
submanifold, is it always possible to approximate any integral current T representing T
(and hence, a fortiori, any T which is area-minimizing) by smooth submanifolds?”

The following theorem, which is the focus of this article, provides answers to both
questions.

Theorem 1.1 (Optimal smooth approximation) Let M be a connected smooth closed
oriented Riemannian manifold of dimension m + n. Let € > 0, 7 be a fixed nonzero
element of the m-dimensional integral homology group H,,(M,Z), and T be an
integral cycle representing 7. Then, there is a smooth triangulation K of M and an
oriented m-dimensional smooth submanifold ¥ of M \ K"~3 (where K> denotes
(m — 5)-skeleton of KC) with the following properties.

(1) The m-dimensional volume of 3. does not exceed the mass of T by more than ¢,
that is H™(X) < M(T) + ¢.

(2) The current [X] is an integral cycle homologous to T and there is an integral
(m + 1)-dimensional current S in M such that 9S = [X] — T and M(S) < .

(3) If 7 admits a smooth representative, then > can be chosen to be a smooth
submanifold of M.

Remark 1.2 The codimension 5 construction in Theorem 1.1 is optimal, as shown by
the innately singular homology class discovered by Thom, see Theorem 6.3.

In 1988 Almgren posed these basic questions formally, announcing Theorem 1.1 together
with the second named author few years later, see [6, page 20, line 9] and [4, page 44,
line 21]; nevertheless, the program was never completed and a proof of the announced
result never appeared. In [6], among other things, the authors hint at the strategy of
using Thom’s criterion in the context of homotopy classes of mappings from M (less a
skeleton) to the Thom complex T(7"); building upon these fruitful unpublished ideas
this article provides a complete proof of Theorem 1.1.
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1.2 Consequences of the main theorem

We outline here several consequences of Theorem 1.1. Our underlying assumption for
all the theorems of this paper is the following'.

Assumption 1.3 n,m € N\ {0} are arbitrary positive integers, M is a connected
smooth oriented closed Riemannian manifold of dimension m + n, 7 iS a nonzero
element of the m-dimensional integral homology group H,,(M, Z) and T is an integral
current (hence a cycle) representing 7.

When dealing with smooth triangulations of M we will tacitly assume to have fixed
some simplicial complex K together with a piecewise smooth map ¢ : || — M. In
order to keep our notation simpler, with a slight abuse we will in fact mostly avoid
referring to the map ¢ and we will use directly KC also for the smooth triangulation of
M ; thus, a simplex of the triangulation K will mean the #-image of a simplex of |K|.
KJ will denote the j-dimensional skeleton of K, i.e. the union of all j-dimensional
simplices of . Moreover, the letter > will be reserved to denote either smooth oriented
m-dimensional closed embedded submanifolds of M or smooth oriented m-dimensional
embedded submanifolds of M \ K/ (for some integer j) whose topological closure is
contained in k7.

By Nash’s isometric embedding theorem we consider M as a submanifold of some
Euclidean space R" and, by a classical theorem of Whitney, smooth submanifolds of
RY are smooth retractions of some open neighborhood, see [18, 3.1.19]. Hence smooth
compact submanifolds are Lipschitz neighborhood retracts. Forevery k =0, ..., m+n,
we denote by Z(M) the set of k-dimensional integral cycles with support in M and
by Z 1iy(M) the set of k-dimensional integer Lipschitz cycles with support in M,
that is the set of cycles of the form fy(P) where f : R¥Y — M is a Lipschitz map and P
is an integer polyhedral cycle in RV .

We refer to Section 2 for the relevant definitions.

Definition 1.4 (Smooth representability) Let M, and ¥ be as in Assumption
1.3. We say that 7 is representable by a smooth submanifold (or that T admits a
smooth representative) if there exists a smooth embedding f : > — M such that the
fundamental class of X equals 7, thatis f,.[X] = 7.

"We refer to Section C for a list of notations.



Optimal smooth approximation of integral cycles 5

The first consequence of Theorem 1.1 is the absence of the so-called Lavrentiev gap
phenomenon for the homological Plateau problem?.

Theorem 1.5 (Absence of Lavrentiev gaps) Let M, 7,T and X as in Assumption
1.3, and define the following quantities:

My = min{M(T) : T € Zy(M)N 7},

Mp = inf{M(P) : P € Zy jpp(M) N T},

My, := inf{ VoI"™(%) : [X] € 7 and ¥ is smooth in M \ K> for some triangulation K},
MReg := inf{ VoI"™(X) : [¥] € 7 and ¥ is smooth in M} .

Then, Mr = Mp = My, and, moreover, My = MRge, when T is representable by a
smooth submanifold.

Remark 1.6 Note that any class 7 is representable by a smooth submanifold when
n € {1,2} orwhen m € {1,2,3,4,5,6}, see Lemma 5.2 and Remark 5.3. In these
cases, Theorem 1.1 implies that singularities of integral cycles can be resolved, in the
sense that they can be approximated by smooth submanifolds.

The request that 7 is representable by a smooth submanifold can often be expressed
in terms of the vanishing of some suitable obstruction, which is represented by a
cohomology operation; in particular, denoting x the Poincaré dual of 7 and by p an
odd prime, a necessary (and, in some particular dimensions, also sufficient) condition
for an integral homology class 7 to be representable by a smooth submanifold is that
all St,%r(p_l)Hx are null, see [33, Théoreme I1.20]. We recall that, following Thom’s
notation for the Bockstein reduced p™ powers reduction mod p, Stgr(p_l)Jrl represent
(up to a sign) the following cohomology operations:

SErP=D = g o Pro g, HY (X, Z) — 2D+ (x, 2),

where Py is the reduced Steenrod p™ power, B* : H*(X, Zp) — H*t(X,Z) is the
Bockstein associated to the short exact sequence

0—=+Z—2Z—Z,—0

and ¢, the reduction mod p such that 3, = 0,0 3", with 3, : H*(X, Z,) — H* (X, ZLp)
the Bockstein associated to 0 — Z, — sz — Zp — 0.

’The Lavrentiev gap phenomenon holds for a functional in the calculus of variations when
it has different infima depending on whether the infimum is taken over the whole class of
admissible objects or over some smaller class of more regular objects. The first of such examples
was discovered by Lavrentiev in 1927, see [22] and cfr. [9].
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This necessary condition is a consequence of the fact that the cohomology for odd
primes of the oriented Grassmannians is concentrated in dimensions which are multiples
of 4.

As a simple corollary of Theorem 1.1 we further deduce the following approximation
theorem with cycles of prescribed singularities.

Theorem 1.7 (Approximation by cycles with prescribed singular sets) Let M, 7 and
T be as in Assumption 1.3. Then there is a sequence of smooth triangulations K; of M
and a sequence of smooth embedded oriented m-dimensional submanifolds (3;); in
M\ ICJ’-"_S such that

(a) [%;] — T in the sense of currents,
(b) 1imj,o0 H"(3)) = M(T),
(c) O[%;] =0 and [%;] is in the same homology class as T .

In fact conclusion (c) is a simple consequence of the Federer flatness criterion: since
O[%;] is a flat current supported in a set which has H™~!-zero measure, it must be 0,
see [18, 4.1.20]; therefore it also follows from the convergence to T that [¥;] is in the
same homology class as T for every j sufficiently large.

1.3 Overview of the proof

The main idea of our study is to combine Federer and Fleming’s theory of integral
currents with tools and techniques from cobordism and homotopy theory.

The proof of Theorem 1.1 can be grosso modo descrived as follows. Starting from
an m-dimensional integral cycle 7 in a nontrivial homology class 7 of M, we first
develop a delicate approximation theorem by means of a cycle P’ which is a smooth
submanifold outside of a (small) §-neighborhood Bj of the (m — 2)-skeleton of some
triangulation of M, ¢fr. Proposition 4.1. In particular, a subset of the smooth part of
P’ is a compact smooth submanifold with boundary embedded in a compact manifold
with boundary, which we denote by 2 (ideally we would define 2 as M \ Bs, but the
latter does not have a smooth boundary: we will get around this technical obstruction
by a standard regularization procedure, cfr. Section 3): this object represents a relative
homology class in H,,(£2, €2, Z); this will induce, by Theorem 2.6 a map

F:Q—TAEY
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with values in the Thom space of the universal oriented 7n-plane bundle and such that
the pull-back of the Thom class equals the Poincaré dual of 7, when restricted to 2.
This is known as the (relative) Thom construction.

Then, denoting by Q the complement of a small neighborhood Uj; of the (m — 5)-
skeleton of the triangulation of M, we note that Q has the homotopy type of an
(n 4+ 4)-dimensional skeleton of M, ¢fr Lemma 5.1. Thus, we exploit the n + 4-
equivalence between T'(3") and the Eilenberg-MacLane space K(Z, n), cfr. Lemma
5.2, to prove that the restriction of the Poincaré dual of 7 to Q admits a lift

) f:Q—=TH"

pulling back the Thom class to itself. Applying Theorem 2.6 and after some technicalities,
this provides an integral cycle R homologous to 7 which is a closed smooth embedded
submanifold with singularities all contained in the (m — 5)-dimensional skeleton cm=s

of M.

Since, by Lemma 5.1, €2 has the homotopy type of an (n 4 1)-dimensional complex, we
observe that homotopy classes of maps defined on 2 and with values in T(3") are in
one-to-one correspondence with those with values in K(Z, n), cfr. Corollary 2.2. This
allows us to conclude that the smooth part of P’ coincides, up to a homotopy, with the
smooth part of R once restricted to 2.

The conclusion then follows from a technical geometric measure theory construction,
c¢fr. Proposition 4.3, saying that if two m-dimensional integral cycles P’ and R agree
outside of a sufficiently small neighborhood of the (m — 2)-skeleton of the triangulation
of M, then we can find a smooth deformation R’ of R which is almost coinciding with
R and with mass close to the mass of P’. This provides the desired approximation R’ of
Theorem 1.1, satisfying (1) and (2).

Finally, part (3) of Theorem 1.1 is proved following the same lines: under the additional
assumption that 7 is representable by a smooth submanifold we immediately obtain a
map

g:M—=TH"

which pulls-back the Thom class to the Poincaré dual of 7; the analogous construction
can thus be performed just by replacing the map f in (1) with g.

The rest of the paper is organized as follows. In Section 2 we briefly recall the main
notation in the theory of integral currents and some preliminary results in homotopy
theory and cobordism. In Section 3 we collect some technical preliminary lemmas
about neighborhoods of skeleta and maps associated to them. In Section 4 we will
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prove the two main technical propositions from geometric measure theory: Proposition
4.1 and Proposition 4.3; an appendix with some elementary facts about triangulations
and simplicial decompositions is listed in Section A. Section 5 is dedicated to the proof
of Theorem 1.1 and Section 6 shows the optimality of the construction. We add at the
end another brief appendix, see Section B, recalling some introductory results about
cohomology operations and characteristic classes, useful in the proof of Lemma 5.2.
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2 Notation and preliminary results

In this section we recall the main definitions and relevant notation.

2.1 Theory of integral currents

We briefly recall the main notions of Federer and Fleming’s theory of integral currents,
cfr. also [19, 18, 26]. The space of k-dimensional De Rham currents in RV (.e.
continuous linear functionals on the space D*(RY) of smooth and compactly supported
differential k-forms in RV) is denoted by Dy(RY). The boundary of T € D(R") is
defined enforcing Stokes’ theorem, namely 0T (¢) = T(dy), and if OT = 0 then T is
called a cycle. The mass of T is denoted by M(T') and is defined as the supremum
of T(w) over all forms w with |w(x)] < 1 for all x € RY, where | - | denotes an
appropriately defined norm called comass. The support of 7', denoted spt(7), is the
intersection of all closed sets C in RY such that 7(w) = 0 whenever w = 0 on C. For
every compact Lipschitz neighborhood retract M C R", we will denote by Dy(M) the
set
Di(M) := {T € Dy(RY) | spt(T) C M}.

We recall that a current T € D (R") is integer rectifiable (and we write T € Ri(RV))
if we can identify T with a triple (E, 7, 0), where E C K is a k-rectifiable set, 7(x) is a
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unit k-vector spanning the tangent space T,E at H*-a.e. x and § € L' (HXLE,7Z) is
an integer-valued multiplicity. The identification means that the action of 7' can be
expressed by

(2) T(w) = / (W), 7(x)) O(x) dH (x),  for every w € DXRV).
E

If T is as in (2), we denote it by T = [[E, 7, 0] . We will often use the shorthand notation
T = 0[E] if 0 is constant and the orientation is clear from the context. We denote
by I;(RY) the subgroup of k-dimensional integral currents, that is the set of currents
T € Ri(RY) with 9T € R,_{(RY). If T = [E, 7,6] € Ri(RY) and B C RY is a Borel
set, we denote the restriction of T to B by setting 7B := [E N B, 7, 0]. The set of
integer rectifiable (respectively integral) k-currents with support in a compact Lipschitz
neighborhood retract M is denoted by Ry(M) (respectively I;(M)). We denote by
Zi(M) the space of integral cycles with support in M, i.e. the space of integral currents
T € It(M) with 0T = 0.

We recall that the (integral) flat norm F(T) of an integral current T € Ix(M) is defined
by:

3) F(T) := min{M(R) + M(S) | T=R+ 39S, R € (M), S € I;-1(M)}.

Given a smooth, proper map f : RV — R and a k-current T in RY, the push-forward
of T according to the map f is the k-current ;7" in RY" defined by

4) fiT(w) := T(f*w), forevery w € DRV,

where f*w denotes the pullback of w through f. If T is such that M(T), M(OT) < oo
and f : RV — RY a Lipschitz map such that Jisptry 18 proper, then the pushforward of
T via f can be defined as follows. Let ¢ € C>°(R") be a standard mollifier, denote
0 (x) := 77"p(77x), for T > 0, and let f, := f * ¢, be the smoothing of f. The
pushforward of T via f is defined as

fiTw) = lim f;T(w),  for every w € DFRV).
T—>

A k-dimensional polyhedral® current (or polyhedral chain) is a current P of the form

d
(5) P:=Y 6iai],
i=1

3A more appropriate term might be “integral polyhedral”, allowing “polyhedral” to have also
real coefficients. In this paper the coefficients will always be integers.
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where 0; € N, o; are k-dimensional simplices in RV, oriented by (constant) k-vectors
n; and [o;] = [o},n;, 1] is the multiplicity-one current naturally associated to o;.
The subgroup of k-dimensional integer polyhedral currents in RY will be denoted by
Z(RN), while Zy.Lip(M) will be used for the set of k-dimensional integer Lipschitz
cycles with support in M, that is the set of cycles of the form f;(P) where f : RN — M
is a Lipschitz map and P € Z(RY).

2.2 Homotopy theory and cobordism

We briefly recall the main topological notions that will be used later, we refer also to
[27, 30, 33, 23].

The mapping cylinder My of a continuous map f : X — Y is the quotient space formed
from the disjoint union (X x [0, 1]) LU ¥ by identifying, for each x € X, the point (x, 1)
with f(x) € Y; it contains X x {0} as a subspace and has Y as a deformation retract.

For n > 1 and an abelian group m, the Eilenberg-MacLane space K(m, n) is a space
with the homotopy type of a CW-compex such that m;(K(m, n)) vanishes for i # n and
m,(K(m,n)) ~ m, where 7;(X) denotes the i-th homotopy group of the topological space
X. Recall that the Hopf homotopy classification theorem states that for a (connected)
CW-complex X, an abelian group 7 and for every n € N\ {0} there is a natural
isomorphism

T:[X,K(m,n)] — H'X, n),

where [X, K(7,n)] represents the set of (unbasedpointed) homotopy classes of con-
tinuous maps from X to K(mw,n) and H*(X, ) is the n-th cohomology group of X
with coefficients in w. The isomorphism has the form T'([f]) = f*(¢), for a certain
v € HY(K(m, n), ) called the fundamental class; K(w,n) is therefore the classifying
space of n-dimensional cohomology with coefficients in 7. This determines K(r, n)
up to homotopy equivalence: that is, the homotopy type of K(m, n) is determined by 7
and n, and the identity map of 7 determines, up to homotopy, a canonical homotopy
equivalence between any two copies of K(m,n).

We recall that a continuous map f : X — ¥ between path-connected* CW-complexes
is called an n-equivalence for n > 1 if the induced homomorphism

St mi(X) — m(Y)

is an isomorphism for 0 < i < n and an epimorphism for i = n.

*We restrict to the case X and Y are path-connected since we only need this in the sequel.
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We also recall that f : X — Y is an n-equivalence if and only if the inclusion
i : X — My is an n-equivalence. From the long exact sequence of relative homotopy
groups, it follows that i is an n-equivalence if and only if the relative homotopy group
mi(My, X) = 0 vanishes for all i < n. In order to keep our notation lighter, with a slight
abuse we will sometimes write m;(Y, X) = 0, meaning 7;(My,X) = 0 when the map f
is clear from the context.

We recall the following characterization of n-equivalence and the subsequent corollary.

Proposition 2.1 ([27, Theorem 7.6.22]) Iff : X — Y is an n-equivalence, then for
every relative CW -complex (K, L) with K of dimension at most n, and every map
a:L—Xandb:K — Y with by =f oa, there existsamap ¢ : K — X with ¢, = a
and f o ¢ homotopic to b relative to L.

Corollary 2.2 ([27, Corollary 7.6.23]) If K isa CW-complex andf : X — Y is an
n-equivalence, then the induced homomorphism

e IK,X] = [K, Y]

is a bijection if dim K < n and a surjection if dimK = n.

We recall a classical result due to Whitehead, which allows to deduce homotopic
properties of a space from its cohomological ones, cfr: also [33, Theorem IL.6].

Theorem 2.3 Let f : X — Y a map between two simply connected CW -complexes
X, Y. If for any group coefficient Z, the induced homomorphism

fFH(Y,Z,) - H(X,Z,)

is an isomorphism when i < k and a monomorphism when i = k, then the relative
homotopy groups m;(Y,X) =0, fori < k.

Proof Consider the following exact sequence in cohomology:
H' (My) owox) — H ™ (My, X) — H ™ (M) — HT(X).

The assumptions on f are equivalent to Hi(Mf,X ,Zp) = 0 for every prime p and
i < k. By duality on the group coefficients Z,, we can write H;(M;, X, Z,) = 0 for
i < k which is equivalent, by the universal coefficient formula, to H;(My, X, Z) = 0 for
i < k. Since X and Y are simply connected, by the relative Hurewicz theorem, cfr. [27,
Theorem 7.5.4], we conclude that 7;(My,X) = 0 for i < k, namely our claim (recall
that by m;(Y, X) we actually mean 7;(My, X)). O
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Let 6,1(R”+k) be the oriented Grassmannian manifold, that is the space of oriented
n-dimensional subspaces in R"**. The natural embedding R” < R"*!  induces an
embedding én(R”) — 5,1(R”“). Thus, forming the union over increasing dimensions
we obtain an infinite CW -complex named the infinite oriented Grassmannian

Gy 1= Gu(R™) = | | Gu(®"h),
k

as the set of all n-dimensional linear subspaces of R>°, endowed with the direct limit
topology. We denote as 4" the universal oriented n-plane bundle, that is the canonical
vector bundle over the base space G,

ES G,
with total space E consisting of pairs (¢,v) € E}n(R"O) x R such that v € /,

topologized as a subset of the cartesian product, and with projection 7 : E — G, such
that w(¢,v) = £.

Recall that any oriented n-plane’ bundle ¢ over a paracompact base B admits a bundle
map £ — 4" and that any two bundle maps f, g : £ — 3" from an oriented n-plane
bundle £ to 4" are bundle homotopic, meaning that there exists a one-parameter
family of bundle maps &, : £ — 7", with r € [0,1] and hg = f and h; = g such
that & is continuous as a function of both variables, cfr. [23, Theorems 5.6, 5.7].
Hence, any oriented n-plane bundle £ over a paracompact space B determines, up to
orientation-preserving isomorphism, a unique homotopy class of maps f£ :B — G,.
Since the classifying space G, for oriented n-plane vector bundles is the classifying
space associated to the rotations group SO(n), we will denote it as usual by BSO(n). In
fact, in almost all our considerations we just need to consider 5,1(]1%””‘) for a sufficiently
large k and at all effects treat BSO(n) as some fixed compact manifold én(R”“‘) for a
suitably large k.

We recall now the main notions of Thom spaces and Thom’s characterization of
representability of a homology class.

Let £ be an n-plane bundle with a Euclidean metric and A C E(&) be the subset of
the total space consisting of all vectors v with |v| > 1. Then the identification space
E(&)/A is called the Thom space T(£) of £. Note that T(¢) has a preferred base point,
denoted by oo, and the complement 7€) \ {oo} consists of all vectors v € E(§) with
[v| < 1. We note that if the base space B of ¢ is a (finite) CW-complex, then the Thom
space T(£) is an (n — 1)-connected (finite) CW -complex.

>That is, all fibers are oriented n-dimensional real vector spaces.
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If ¢ is a smooth oriented n-plane bundle, then the base space B of ¢ can be smoothly
embedded as the zero-cross section in the total space E(£), and hence in the Thom
space T(§); moreover we note that the while 7(€) is not a manifold in general, the
complement of the base point 7(§) \ {oo} has the structure of a smooth manifold.

Let R be a commutative ring with unity and ¢ an n-plane bundle £ = B. For a point
b € B, let S} be the one-point compactification of the fiber 7~ 1(b); since S}, is the
Thom space of §;,, we have a canonical map

iy 2 S} — T(E).

An R-orientation, or a Thom class, of £ is defined to be an element u € ﬁ”(T(f), R)
(the reduced n-th cohomology group of 7(§)) such that, for every point b € B, ij(u) is
a generator of (the free R-module) ﬁ”(SZ). We recall now a fundamental theorem, cfr.
[30, Theorem 15.51].

Theorem 2.4 (Thom isomorphism theorem) Letu € fI"(T(f ), R) be a Thom class
for an n-plane bundle ¢ of the form E = B. Define

@ : H'(B,R) — H'M(T(¢),R)

by the cup product ®(x) = n*(x) — u. Then ® is an isomorphism for every integer i.

We remark that for any oriented n-plane bundle the Thom class with Z coefficients
exists and it is unique; analogously, for every n-plane bundle there exists a unique
Thom class with Z, coefficients, c¢fr. [23, Theorems 9.1, 8.1].

Thom’s celebrated result about realizability of cycles by means of submanifolds can be
stated as follows, cfr. [33, Théoréme II.1].

Theorem 2.5 Given M and 7 as in Assumption 1.3, a homology class T € H,,(M, Z)
is representable by a m-dimensional smooth submanifold > C M of codimension n
if and only if there exists a map f : M — T(3") which pulls back the Thom class®
u € H*(T(¥™), Z) to the Poincaré dual of 7.

By suitably modifying the proof of [33, Théoreme II.1], one sees that the natural analog
of Theorem 2.5 holds for compact manifolds with boundary. This is in fact what we will
need in our arguments and we therefore provide a proof for the reader’s convenience.

®Recall that, since R = Z and n > 1, the reduced cohomology group coincides with the
standard cohomology group.
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Theorem 2.6 Let M be a connected smooth oriented compact m + n-dimensional
Riemannian manifold with boundary OM and T a nontrivial relative homology class
7 € H,(M,0M,Z). Then 7 is representable’ by a smooth compact embedded
submanifold manifold > C M with 0¥ = ¥ N OM if and only if there exists a map
f : M — T(®"™) which pulls back the Thom class u € H"'(T(3"),Z) to the relative
Poincaré dual of 7.

Proof Assume that 7 € H,,(M,0M,Z) is representable by a smooth compact
embedded submanifold > C M with 90X = X N 9M, that is there exists a smooth
embedding # : ¥ — M such that the fundamental class [>] determined by the
orientation of X equals 7. Denote the relative Poincaré dual of 7 by x € H*(M). If
we consider D(M) the double manifold of M, then D(M) is a smooth closed oriented
manifold. In D(M), we consider the double manifold of 3, which is a smooth closed
oriented embedded submanifold of D(M), whose fundamental class is an absolute
homology class in H,,(D(M)); denote by y € H"(D(M)) its Poincaré dual. By
applying Thom’s construction of Theorem 2.5, we find a map

F:DM) — TRE"

such that F*(u) = y. Denoting by i : M — D(M) the inclusion map, we consider the
restriction of F to M, so that we obtain a new map f : M — T(3") such that

[fw) = (Foi)'(w) =i"(y) =x.

Conversely, assume that there exists a map f : M — T(3") such that f*(u) = x.
Consider the restriction of f to M and denote it by df. The space T(7") \ {oco} is
a smooth manifold: hence by [35, Proposition 2.3.4], we can approximate the map
of Of by means of a new map go agreeing with 9f on 9f ~!(U(cc)) and which is of
class C* on OM \ 9f ~1(U(c0)), where U is a small smooth neighborhood of {oo};
if the approximation is close enough, then gg is homotopic to Jf. By the standard
density argument, c¢fr. [35, Theorem 4.5.6], we can approximate go by a homotopic
map g; which is smooth and transverse to the zero section® of 3". Since M has a
collar neighborhood, by the homotopy extension property there is a map f; defined
on M, homotopic to f and such that 0f; = g;. By [35, Proposition 2.3.4 (ii)], we
can assume that fj is smooth and coincides with g; on M. By [35, Proposition
4.5.7], we obtain a final map f arbitrarily close to f, agreeing with it on £~ (U(c0)),

"With the obvious modifications in Definition 1.4 for M, ¥ with boundary and 7 a relative
homology class.
_ 8With the usual approximation to the restriction of 3" to a sufficiently large compact manifold
G, (R"+k),
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of class C* on M \ f~!(U(c0)) and such that both f and 8} are transverse to the
zero section, cfr. also [35, Proposition 4.5.10]. By applying the same proof as in [7,
Theorem 8.2], the preimage JA‘LI (BSO(n)) is a smooth compact embedded submanifold
¥ C M of codimension n, with 9> = ¥ N M. Hence we can conclude that

x = f*w) = f*(u). O

Remark 2.7 A direct way to prove the first implication of Theorem 2.6 has been
suggested to us by Jacob Lurie and it is the following. Let M, 7, 3 as above. Choose
an extension of the normal bundle vy, of 3 to some smooth n-plane bundle £ : E — U,
where U is an open neighborhood of 3: this induces an isomorphism ¢ : vs, — {|5;
choose a connection on £. Working locally in each chart and then using a partition of
unity, it is possible to construct a smooth section s of £ which vanishes on ¥ and such
that the covariant derivative of s along > induces the isomorphism g. Up to shrinking
the open set U, one can assume that s vanishes exactly on Y and that it is transverse to
the zero section. Now it is possible to conclude in analogy with Thom’s construction:
choose a bundle map £ — 4" and, after having rescaled s, note that it is possible
to extend the classifying map with domain U and with values in the corresponding
subspace of the total space of 4" to amap f : M — T(3"), sending the complement of
U to the O-cell of T(3™). It follows that x = f*(u), where x is the Poincaré dual of 7
and u € H*(T(y"), Z) the Thom’s class. This argument shows that Thom’s construction
can be performed without any need of a tubular neighborhood theorem.

We refer to Appendix B for a brief discussion about cohomology operations and
characteristic classes, needed in the proof of Lemma 5.2.

3 Triangulations, skeleta, neighborhoods, and maps

3.1 Suitable neighborhoods of skeleta

Having fixed a triangulation K of M and a skeleton K/, we denote by Bs(K/) the usual
metric neighborhoods of the skeleton, namely the sets of points p with dist(p, K/) < 6.
In many instances we will use these neighborhoods for our considerations. However,
for some important considerations we will in fact need a suitable variant, which will
be denoted by V5(K/) and are defined in the following way. We first fix a (sufficiently
large) constant Cp which will depend on the triangulation /C, subdivide the simplices
forming K/ into Sy U ... U S; according to their dimension (S; being the collection of
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simplices of dimension i) and hence set

j
(6) Vs = | J | Beris(o)

i=00€S;
where
Bco_ia(a) = {p :dist(p,0) < C, "6} .

The following is an elementary consequence of our definition.

Lemma 3.1 For every triangulation X of M and every j < m+n — 1 there is a choice
of & > 0 (sufficiently small) and of Cy sufficiently large such that the following holds.
First of all, M \ V5(kJ) is a deformation retract of M \ K.

Moreover, for every point p € OV5(K/) there is at most one o in each S; (with 0 < i < j)
such that p € ch(;" 5(0). In particular, there is a neighborhood of U of p, an integer
j€{1,...,j} and a diffeomorphism ¢ : U — B; C R™™" (the unit ball in R”™") such
that

H(U\ Vs(KI)) = {(x1, -+ -y Xman) i X; > O0for 1 <i<j}.

Note in particular that the boundary of V5(K/) is a Lipschitz submanifold. This is,
however, not suitable for our purposes; we need an appropriate regularization of it
which, given the explicit local description of Lemma 3.1, is a consequence of a standard
regularization procedure.

Lemma 3.2 Let K be a triangulation of M, let § and Cy be given by Lemma 3.1, and
fix any pair of positive numbers 6’ < § < §. Then there is a neighborhood Us(K/) of
K with the following properties:

Vs(KJ) D Us(KY) D Ve (K);

* The boundary of Us(K) is smooth;

M\ Us(K) is a deformation retract of M \ Vg (K/);

+ There is a smooth tubular neighborhood C of OUs(K/) in M containing OV (K7).

3.2 Maps

We will now build some special maps related to the neighborhoods Bs and V.

Lemma 3.3 Let M be as in Assumption 1.3 and K a triangulation of M. For every
€q > 0 and n, > 0 there is a positive number 0, < 7, with the following property. If
v €]0, 1] is an arbitrary number, then there is a diffeomorphism ® such that:
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(1) @ is isotopic to the identity and it coincides with the identity on M \ By, (K*);
(2) Lip(®) < 1+eq;

(3) For every point p € Bga(ICk) there is an orthonormal frame ey, ..., e+, such
that
@) |d®p(e)| < 1+¢e, Vie{l,... k},
(8) |dD®,(e)| < v Vie{k+1,...,m+n}.

Before coming to the proof of the latter lemma, we remark that a simple modification
of the arguments gives the following one, which is in fact much simpler.

Lemma 3.4 Let M be as in Assumption 1.3, K a triangulation, j € {0,... , m+n—1}.
If Cp and 6! in Lemma 3.1 are chosen sufficiently large, then for every &, > &) > 0
there is a Lipschitz map ¢ : M — M with the following properties:

* ® maps Vy (K) into K7
s @ is a smooth diffeomorphism between M \ ®~!(K/) and M \ KJ/;
s ®(p) = p forevery p & V5,(KJ).

Proof of Lemma 3.3 The proof is by induction over k.

We start with the first step, where k = 0. We enumerate the 0-skeleton as the points
Pis---,PN, we let d be the minimum of dist(p;, p;) and ry a radius which is smaller
than the minimum of the injectivity radii for the exponential maps centered at p; and
whose choice will be specified later. We then set 1 := min{7,, %, 2. Wefix 0, <17
and p > 0 (whose choice will be specified later) and let ¢ : [0, co[— [0, co[ be the
following piecewise linear increasing function:

773 if 0 <t <26,
p(f) = To0ge (- 26,) + 20, if 20, <1 <1~
t ift >n—24,.

Observe that 0 < ¢’ = p on [0,24,] while 0 < ¢’ < 777773 5. everywhere else, and

the latter number can be made arbitrarily close to 1 depending only on the ratio %,
but independently of . We then regularize ¢ by convolution with a standard smooth
nonnegative kernel, hence getting a smooth diffeomorphism of the real half line, which
we denote by 1. Its derivative 1’ will enjoy the same global upper bound and, by
choosing the kernel suitably, we can ensure () = ut on the interval [0, d,] and
() =ton [n— 52—“, oo[. We next define the map W, (x) := w(]x\)ﬁ from R onto
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itself. Notice that Lip(\W,,) can be made arbitrarily close to 1 choosing the ratio %" very
small, while clearly ¥, (x) = px in the ball of radius Bs,. We are now ready to define
the map ¢. ®(p) :=p forp & M \Bn(ICO). Next Bn(ICO) is the disjoint union of
B (pi). On each such ball we consider the exponential map exp,, and @ is defined to be

o —1
P :=exp, oV, o0exp, .

By choosing the radius ry sufficiently small we can get the Lipschitz constant of the
exponential maps and of their inverses arbitrarily close to 1 on the domains of our
interest. So, if we fix some constant &, after choosing %“ and ry sufficiently small, we
can easily achieve

Lip (@) < (1 +¢&)°

and
Lip (@5, o) < (1+8)*p

In particular we first choose ¢ so that (1 + £)} < 1 + ¢, and we then choose 1 so that
(14 &)*1 < . Note that the choice of J, is then independent of .

We next wish to tackle the induction step, so we assume that the statement of the
proposition holds for £ — 1 in place of k. We then fix ¢,, 1,, and . We apply the
proposition in case k — 1 with the same 7, but with 7y and ¢¢ in place of v and ¢,
and get the corresponding J,, which we denote by dy. The choices of £y and g will
be specified later, but we anticipate that 9 will only depend on €, among all these
parameters. We therefore then have a corresponding map, which we denote by ®;_,
with the property that Lip(®;_;) < 1 + g9, which is the identity outside of Bna(le*I)
and which in turn satisfies all the requirements of the lemma for the other parameters.

Next we consider d,,7, and p, whose choices will be specified later. For each
k-dimensional face F' in the k-dimensional skeleton, we consider

F':=F\ Bs,16(K*™)

and we choose 7 small enough so that the normal neighborhoods N, (F’) are pairwise
disjoint and all diffeomorphic to F’ x B;]"Jr"_k, where Bj’]““”_k denotes the m +n — k
dimensional ball of radius 7 and centered at 0 in R”*"~%_ We then parametrize Ny (F")
as (x,y), where x € F/ and y € B)'*" %,

We next introduce a function of two variables defined in the following way. First of all
we define [ : [0, co[— [0, oo[ as

1 ifs <%,
— 1— .
fils) = ¢ 1 =205 — %) if % <5< 30

: 36
I ifs > 0.
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Hence we set

tia(s) if t < 24,,
(s, 1) = § I=0eZHO0 (1 — 25,) + 27i(s), if 26, <1 <n— 6,
t ift>n—24,.

Note that 0, = p if t <26, and s > 34@ while 0yp = 1 if t > 1 — 0, or for every ¢t if
s < ‘Z—O. On the other hand we have the upper bound

Ui

ol 1
77_35a

ot

where the right hand side can be made arbitrarily close to 1 by choosing % small.
Likewise we have the upper bound

d¢
Os

<M
= %

and the right hand side can be made arbitrarily small by choosing 5% small.

These two requirements (namely njg 5. being sufficiently close to 1 and %7 being
sufficiently close to 0) will only depend on ¢,, €y and the geometry of the triangulation,
while g¢ will only depend on ¢, and the geometry of the triangulation, so that ultimately

0, will depend in fact only on &,, 1,, M and K.

With a similar regularization procedure as the one outlined above, we can smooth ¢ to
a function 1. Then we also suitably smooth the distance function p — dist(p, K*~!) in
B, (K*"1)\ Bs, (K*~1) to a function d. We then define a function ® : N, (F") — N,,(F')
by setting '

Dulr,y) = (1, 9(dx, 0, Hy ) -

DI

Being the N, (F") pairwise disjoint, this define a function on the union of them. Finally,
since the function is the identity at the boundary of this domain, we can extend it to all
of M by being the identity. We then claim that the function ® := ®;_| o ®; in fact
satisfies all the requirements upon choosing our parameters correctly. The bound on the
Lipschitz constant simply follows by multiplying the bounds of the Lipschitz constants
of the two maps and choosing the parameters correctly. The fact that the map is equal to
the identity outside of B;,, (ICKy follows from choosing 7 < 7. It remains to check the
third claim. We will check that the claim holds at every p such that dist(p, IC¥) < 4,
but dist(p, 1) > 3‘2—0 and at every p such that dist(p, C-=1) < 3%". The union of
the two sets clearly contains B(ga(le), and this completes the proof. First of all observe
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that if p is in the first set, then by construction there are m + n — k orthonormal vectors
€k+1s - - - s €m+n With the property that

AP p(en)| < 2p.
On the other hand because of the Lipschitz bound on $;_; we immediately conclude
that
|d®|,(ei)| < 2(1 + eo)p
and thus choosing u appropriately we can guarantee 2(1 + €¢)p < . Completing the

e;’s to an orthonormal basis we get the desired estimate on the other vectors simply
using the global Lipschitz estimate on .

Consider now a p € Bs;, /4(IC"_1). By construction ¢ = ®;_(p) belongs to B(so(le_l).
There are therefore m + n + 1 — k orthonormal vectors vy, . . ., V4, With the property
that

|dPr—1|a(vd)| <70
Consider the vector space V spanned by these vectors. Then we have the estimate
|[dPr—1()| < Vm+n+1— kol

for every such v. Because @ is a diffeomorphism, there is an m 4 n — k-dimensional
subspace W of T, M which d®|, maps onto V. If we choose an orthonormal base
€k+1, - - - » €mtn Of the latter, we can then estimate

|d®,(e))| < Vm+n — k~oLip(®y) .

We then conclude by choosing vy < ﬁ , given that our constructions certainly
implies Lip(®y) < 1+¢, < 2. O

4 Tools from geometric measure theory

The proof of our main theorems will make use of two technical propositions from
geometric measure theory, which do not involve the knowledge of sophisticated
topological tools.

Proposition 4.1 Let M be as in Assumption 1.3 and T be an integral m-dimensional
cycle in M. For every fixed €, > 0 there is an integral cycle P homologous to T and a
smooth triangulation K of M with the following properties:

(ag) M(P) < (1 + e )M(T);
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(bo) F(T—P)<ce;
(co) spt(P) C {x: dist(x, spt(T)) < ec};

(do) P =73 pcrnBr[F], where By € Z and F™ is the collection of m-dimensional
cells of K with an appropriately chosen orientation.

Furthermore, for a sufficiently small ], > 0 and any 0. < .. we can find a second
integral cycle P’ homologous to P with the following properties:

(@ M(P') < (1 + 3e)M(T) and F(T — P') < 3e,;
(b) spt(P") C {x : dist(x,spt(T)) < 3e.};
© |P'||Bs;(K™2)) < 3e;

(d) P'L M\ Bs,(K"2) = [I'] for some smooth oriented submanifold T of M \
B;,(K™~2) without boundary in M \ Bs, (K"~?).

Remark 4.2 A routine modification of the arguments used to prove Proposition 4.1
implies in fact that the cycle P’ can be chosen so that its singularities are all contained
in =2, While this is a much weaker result than the one achieved by our main theorem
of constructing an integral cycle with singularities all contained in X, its proof can
however be completed without recurring to any sophisticated topological fact.

In the second proposition we are given two m-dimensional integral cycles S and R
which agree outside of a sufficiently small neighborhood of the m — 2-dimensional
skeleton KC"~2. We will then show that:

* S and R represent the same homology class;

e There is a smooth deformation R’ of R which is close, in terms of mass and in
flat norm, to S;

R’ coincides with R outside a slightly larger neighborhood of 2.

Proposition 4.3 Let m and M be as in Assumption 1.3 and let K be a smooth triangula-
tion of M. Then for every £; > 0 and every 1, > 0 there exists (4, na, I, M) > 0
with the following property. Suppose S and R are m-dimensional integral cycles in M
and that

SLM\ Bs, (K"?) = RLM \ B, (K" ?) .

Then S and R are homologous and moreover there exist an integral cycle R’ in their
homology class and a diffeomorphism ® of M with the following properties:

() M®) < (1 +eq)M(S);
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@) F(R' =) < C(aM(S) + 2| (By, (K" 2)) 5, with C = C(M);
(3) RLM\B,, (K"?%) =SLM\B,, (K"?%);
(4) @ is in the isotopy class of the identity and R’ = ®4R.

Remark 4.4 Note that the parameter ¢, does not depend on S and R. Its dependence
on the parameters ¢4 and 1, can be computed through our arguments, but since such
explicit dependence is irrelevant for our purposes, we will ignore the issue.

4.1 Proof of Proposition 4.1: first approximation

In this section we show the existence of the first approximating cycle P as in Proposition
4.1. It is quite possible that the existence of a P with the desired properties is
already proved in the existing literature; nevertheless, we have not been able to find
a precise reference for our purposes and therefore we provide a proof. Instrumental
to our argument is to consider the ambient manifold M to be smoothly isometrically
embedded in some Euclidean space R" (the codimension is irrelevant), which we can
always assume without loss of generality thanks to Nash’s Theorem.

Consider now the integral cycle T in M as an integral cycle of RY. By [18, Lemma
4.2.19] for every x > 0 there is a diffeomorphism g and an integral m + 1-dimensional
current S such that

* Lip(g) <1+ k and |g(x) — x| < & for all x;
o« M(S) + M(9S) < k;
o spt(S) C {x:dist(x,spt(T)) < k};
. T +0Se PR
Note therefore that, if we set P := g4T + 0S, then P is a cycle,
M(P) < (1 + K)M(T) + K

and
spt(P) C {x : dist(x, spt(T)) < k} C B(M).

We next observe that we can, without loss of generality, regard P as

P=> KkP]

where each k; is a positive integer, each P; is an oriented closed simplex, and for every
pair of distinct P; and P;, either P; N P; = 0 or P;N P; is a common lower-dimensional
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face. This can be seen as follows: fix a representation as P = Zj k;[P;] with k; positive
integers and P; oriented simplices. Fix a triangulation 7 of RN and apply Proposition
A3 torefine 7 to a new triangulation 7" with the property that each P; is the union of
m-dimensional simplices in 7" (elements of the m-skeleton). The desired conclusion
is then immediate.

Assuming « to be sufficiently small, we can further assume that the orthogonal projection
P : Bx(M) — M is smooth, well-defined and with Lip (p) arbitrarily close to 1. More
precisely, Lip(p) = 1 + & where & |, 0 as x | 0.

We now consider the cycle p;P. Because of the usual homotopy formula, and because
of the estimate above, we can ensure that

M(psP) < (1 + CRM(P) < (1 4+ CRYM(T) + k),
F(T — psP) < F(T — P) + F(P — p;P) <  + CRMI(P)
< K + CROVIT) + k),
spt (psP) C By (spt(P)) C Bau(spt(T)).

Consider now that that K := spt(P) is a polyhedron in the sense of Definition A.4
and that p : K — M is a piecewise smooth map in the sense of Definition A.5. We
next fix a triangulation 7 of M, which again we understand as a piecewise smooth
homeomorphism ¢ of some PL-submanifold L C RY onto M, according to Definition
A.5. We next recall the following proposition about uniqueness of smooth triangulations,
which is due to Whitehead, cfr. [36], and corresponding to [21, Lect. 5, Theorem 1]:

Proposition 4.5 Consider two piecewise smooth homeomorphisms f : L — M and
g: M — M where L C RN and M C RM> are two finite polyhedra. Then for every
n > 0 there are two piecewise smooth homeomorphisms f' : L — M and g’ : M — M
which are 1)-close in the C' -sense to f and g and such that f'~' o g’ and g'~! o f' are
piecewise linear.

Recall that being f and f’ piecewise smooth, for both there are triangulations 7T
and 7’ of L with the property that the restriction of each of the simplices of the
corresponding triangulation is a smooth function. Closeness in the C!-sense means
that [[fianar = fanarller < n forevery A € T and A" € 7.

An inspection of the argument given in [21] shows that the invertibility of both maps is
only used to prove the piecewise linearity of both f/~! o g’ and g’~! o f’. Adapted to
our setting, the arguments lead to the following conclusion.
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Proposition 4.6 For every n > 0 there is a piecewise smooth homeomorphism
1 : L — M and a piecewise smooth map q : K — M such that:

(o) 7 and q are n-close in the C'-sense to ¢ and p;
(B) V:=4v¢~'oq:K — L is piecewise linear.

Point () means that there is a triangulation 7; of K and a triangulation 7, of L with
the property that every simplex A in the triangulation 7; is mapped by 1/~! o q inside
some simplex A’ of 7 and that the restriction W|A is an affine map.

We are now ready to declare that our cycle P is in fact given by q4P. It is immediate to
see that

M(P) < (1 + C(& + mM(P) < (1 + C(R +m)M(T) + k),
F(T — P) <F(T — P) + F(P — P) < & + C(i + n)(M(P))
< K+ C(E +nMUT) + &),
SPt(P) C Byety(spt(P)) C Basn(spt (7).

In particular, choosing «, < and 7 appropriately, P satisfies the three desired estimates
(ao), (bgy), and (cg) in Proposition 4.1.

Consider now the finite collection P simplices I'; which are images through ¥ of
some m-dimensional simplex A; of the triangulation of K. Some of these might have
dimension strictly smaller than m (which would mean that the affine map W|A does not
have full rank). We then discard them from P. Upon choosing an orientation for the
T';’s, we clearly have that

P= Z&'T/fﬁ [T,

for an appropriate choice of the multiplicities ¢;.

We now can apply Proposition A.6 and find a triangulation 73 of L which refines the
triangulation 7, and with the property that each I'; is the union of some elements
in the m-dimensional skeleton of 73. The image through v of 73 gives the desired
triangulation K of M which satisfies the requirement (dp) in Proposition 4.1.

Finally, observe that there is an integral current Z in RY such that T — P = 9Z and
with spt(Z) C Byx(M). In particular psZ provides an integral current in M such
that psZ = T — pyP. Given that p and q are close in the Lipschitz norm, there is
a Lipschitz homotopy of the two maps which takes values in By,(M). Composing
the latter homotopy with p, we find a Lipschitz homotopy ® between the two maps
which takes values in M : through the homotopy formula this map provides an integral
current Z' in M such that 9Z' = psP — qyP. In particular we conclude that P is in the
same homology class of p;P and hence in the same homology class of 7" in M.
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4.2 Proof of Proposition 4.1: second approximation

Starting with the approximation P and the triangulation /C of the first part of Proposition
4.1 we now construct the approximation P’ of the second part. This is done in two
steps:

Step 1. Regularization on M \ K™~!. In this first step we modify P using the
following algorithm.

We start by fixing, for the triangulation XC, a suitable polyhedral submanifold K (cfr.
Definition A.5) of some Euclidean space R" and a piecewise smooth homeomorphism
1 1 K — M (cfr. again Definition A.5) which realizes the triangulation /C in the sense
that, for some suitable triangulation 7 of the polyhedron K, the following holds: for
every cell F of K, its diffeomorphic preimage 1)~ !(F) is a simplex of 7. The current
P is then given
P= Y Br[F],
FeFm

where S € Z and F™ is the collection of m-dimensional cells of L. Without loss
of generality we can assume that Sr > 0. For every cell F with S > 0 we consider
A= w_l(F ) and we let I' be an (m + 1)-dimensional simplex of the triangulation
T which contains A. We will replace Sr[F] with Zjvz [(Ap], where the A; C T’
are diffeomorphic images of A C I' with 0A; = 0A and Ay N Ay = OA for every
7 #j". In order to define the A; we will use the following elementary lemma.

Lemma 4.7 Consider the m-dimensional simplex {2 C R™ which is the convex hull

of {eg,ei1,...,en}, where eg = 0 and ey, ..., e, is the standard basis. For each
i € {0,1,...,m} let F; be the relative interior of the m — 1-dimensional face of
spanned by ey, ...,€i_1,€i+1,...,€en. In other words, F; consists of those points p

which can be written as convex combinations Zj Ajej with \; = 0 and \; > 0 for every
J#L
Then there is a Lipschitz function f : ¢ — R and a neighborhood V of | J; F; such that

(a) f is positive and smooth in the interior of {2 ;
(b) f(x) = dist(x,0N) forevery x € V;
(c¢) Lip(f) < C for some constant C = C(m).

With Lemma 4.7 at hand, we are ready to define A;. Firstof alllet {vo, vy, ..., v, } bethe
extremal points of A, 7 the m-dimensional linear space spanned by {v; —vo, ..., Vv, —
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vo} and then let vy, be the only unit vector orthogonal to 7 with the property that
% > i Vi+ Yvmp1 € T for every ~ sufficiently small. Let A : A — Q be the affine map
defined by A(v;) = e¢;. Choose then positive numbers 0 < 1 < 6 < ... < dg, and
define A; as

Aj = {x+ 6 f(AX)Vms1 : x € A}

Provided the dg, is chosen sufficiently small, each A, is contained in I". Note moreover
that, by construction, 1(Aj) N (Ajr) C K1 the (m — 1)-dimensional skeleton of
K.

We perform the above construction for all F’s with 8z > 0. Upon enumerating them as
{F'}, we denote by A} the corresponding m-dimensional cells in the polyhedron K, by
§' the number § s, and by F ]’ their images through 1. We note further that, choosing

the d,, sufficiently small, we can ensure that F} N F J’/l C K™= for every choice of
distinct pairs (i,/) and (7, ).

Consider now the integral current
P=S T
i

Clearly 9, [Fi]) — O(B'[Fi]) = 0 and so Y7, [Fi] — 5'[Fi] is a cycle T;. Moreover
we can use the homotopy formula to ensure that M(7;) is as small as needed provided
§' is chosen comparably small. We can also ensure that H™(F ]’f) is as close as needed
to ‘H"™(F) using the area formula. In particular we can conclude that, upon suitably
choosing the §’s,

» P is in the same homology class as P (in M);

* spt(P) C Bae, (spt(T));

© M(P) < (14 2e-)M(T);

« F(T - P) < 2e;

+ spt(P)\ K™ ! is smooth and is taken with multiplicity 1 by P, more precisely:

(S) for every p € spt(P) \ K= there is a neighborhood U of p and a smooth
oriented m-dimensional submanifold A of M NU with boundary contained
in M N QU and such that P U = [A].

In the next (and final) step of the proof of Proposition 4.1 we will perturb P by removing
its m — 1-dimensional singularities away from a small neighborhood of X™~2. But
before coming to that, we provide the elementary proof of Lemma 4.7.
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Proof of Lemma 4.7 We denote by "2 the m — 2-dimensional skeleton of 952,
namely the set of points which are convex combinations ), A\;e; where at least two
among the coefficients \; vanish, while we denote by 7; the affine m — 1-dimensional
space which is formed by linear combinations ) . A\je; with \; = 0. Moreover we
denote by A; the affine function which vanishes on 7; and coincides with dist(p, A;) on
the halfspace containing 2.

We then observe that there is a (sufficiently small) positive constant £¢ and a (sufficiently
large) positive constant Cy, both depending on the dimension m, such that the following
holds.

(L) On the open set {p €  : dist(p, 7;) < g9 and dist(p, m;) < Caldist(p, Qn=2)}
the function dist(p, 0f2) coincides with the affine function A;.

We now let V; 1= {p € Q : 2752 < dist(p,00Q) < 27%} for k > 1, while
Vo :={p € Q : dist(p, 92) > %} and we consider a partition of unity ¢ subordinate to
it with the property that || Vy||co < C2F. Finally, we let ¢» € C°(B;) be a nonnegative
mollifier with [ = 1.

The function f : 2 — R is then defined as

£i= pudist(, 00) % b«
k

for a sufficiently small constant c¢g. Using (L) and the property that A; x 1\ = A;
for every choice of A, we see immediately that f coincides with dist(-,0f2) in a
neighborhood of | J; F;. The positivity and smoothness of f in €2 is in turn obvious.
Finally, we can compute

Vf =Y Verdist(-, 0Q) * Pep—i + Y @k V(dist(:, 0Q) 1 -0).
k k

The second summand is bounded by

d o=1

k

because the distance function is 1-Lipschitz. As for the first summand, given that
>« Vor =0, it equals

> Vipr(dist(-, 992) # -1 — dist(-, 92)).
k

For every fixed p € (2, there is a j such that p is not in the support of ¢, for k > j+ 2
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and k < j. We can thus write

> Verp)(dist(p, 09 * vepp -+ — dist(p, )
k

j+2
<C2IT2 " dist(p, 09 * o — dist(p, O)| < C,
k=j
where we have used that |dist(p, 9Q) * ¥y — dist(p, Q)| < A for every p with
dist(p, 02) > . |

Step 2. Removing the (m — 1)-dimensional singularities. Next consider an arbitrary
face F¥ asin the previous subsection and let o; be an arbitrary (m — 1)-dimensional face
of F. Fix a §, > 0: the goal is to modify P in a neighborhood of o \ Bs (K" 2) to a
new current P’ in the same homology class, close to it in terms of mass, support and flat
norm, and with the property that P’ is smooth in that neighborhood. The neighborhood
in which we will perturb P is of the form By (o) \ B(;C(IC’"_Z). First of all, given the
structure of P obtained in the previous subsection, if A is sufficiently small, there is an
open subset A; C R™=! and a smooth parametrization

(I)IAiXBKTI—)M

of a normal neighborhood N; of o\ Bgr(lC’”_z) with thickness A; and with the property
that spt(P \ ;) can be described in the following way. There are a finite number of
distinct unit vectors wy,...,wp € OB’{Jrl C R**! guch that, if we let

Ao =A{(o,swp) 10 € A;,0 <5 <N},

then PLN; = 30, e,®3[A/], where ¢ takes values in {—1,1}. Given that P has no
boundary in N;, we conclude that L must be an even number 2L and that exactly L
among the numbers €, equal 1, while the remaining equal —1. We can thus write

L 2L
PLN: =) @A - D @A
=1 (=L+1

Consider now the oriented halflines Hy = {\w; : A > 0} in R"*!. Upon reordering
them, we can find disjoint smooth oriented curves 7, for £ € {1,...,L} in R"! with
the property that [,] L R*"™!\ By = ([H,] — [Hz])LR"! \ B;. Furthermore we let
7 : R™1 — R"! be the homothety y — ty and denote by 7, the curve 7,(H,). We
are now ready to define a replacement for P|_;. We fix a smooth compactly supported
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function v; in R"*! which is positive on A; and vanishes on dA;, a small positive
number x;, and we define

Y= {(x,y) x €A,y €E U’Wﬁiwi(x)} NA; x Br)ljl .
l

Choosing ; sufficiently small we can ensure that the current
P = &%

satisfies OP' = O(PL N;). Moreover we can make F(P' — P N;) and M(P))—M(PL Nj)
smaller than any desired threshold by choosing x; sufficiently small. Note finally that,
clearly, ¥; is smooth in N/;.

We next enumerate all the m — 1-dimensional faces o; of all the m-dimensional faces
FK as 01,09,...,0n. We choose our parameters in such a way that the sets A/; are
pairwise disjoint. Our final current P’ will then be defined to be

P =) P+ PLM\| N

P’ M\ Bs,(K™?) is then smooth by construction and, choosing the parameters
accordingly, P" is homologous to P and we achieve the desired estimates since we can
make spt(P’) arbitrarily close to spt(P), M(P') arbitrarily close to M(P), and F(P' — P)
arbitrarily small.

Finally, coming to the estimate on ||P'[|(Bs;(K™~?%)) observe that we know:

1P| (M) < [IP]I(M) + 22
IP/IICM\ B (=) > [[PIM O\ By (K" 72))

Hence

1P| (Bs, (K™ 2)) = ||P/||(M) — || P'||(M \ Bg, (K™ %))
< |[P(M) + 22 — |[P||[(M \ B, (K™ %) = ||P||(Bs; (K™ %)) + 2¢.

for every 4, > §.. Hence ¢, must be chosen small enough just to ensure that
|P|(Bsi(K™%)) < e.

4.3 Proof of Proposition 4.3

First of all we observe the following consequence of the area formula.
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Lemma 4.8 Assume ®, ~, and ¢, are as in Lemma 3.3. If Z is any integer rectifiable
current of dimension m > k, then

9) M(®4(ZL Bs,(K*) < C(1 + )"y X)|Z)|(Bs, (K1) ,

where C is a dimensional constant which depends only on m and n.

Proof Using the area formula, we have

(10) M(®4(ZL B5,(K"))) = / |d®,(Z(p))| d||Z]|(p),
Bs, (KF)

where Z(p) is a unit simple m-vector orienting Z at p. We can write v = £v| A... Avy,

for any orthonormal base of the approximate tangent space V to Z at p and estimate

d®,(Z(p))| < T, |DD,(e))| -

Now consider the space W spanned by e, ..., e; and let py(W) be its orthogonal
projection onto V. Clearly the dimension of W’ := py(W) is at most k and hence
its orthogonal complement W” in V has dimension at least m — k. We can choose
an orthonormal base of V by completing an orthonormal base of W”. On the other
hand any element of W” is in the span of e, 1, ..., e,. In particular, we conclude that
|ID®,(W")| < +/m — k~|w"| for any vector w” € W”. On the other hand the estimate
|ID®,(v)| < /m+n(1 + ¢,)|v| holds for any vector v € T, M, thus completing the
proof of the estimate. |

Proof of Proposition 4.3 We can assume, without loss of generality, that the homology
class of S is nontrivial, so that M(S) > 0. The conclusion that R and S are homologous
follows from the fact that they coincide outside B; d(IC’"_Z). In particular spt(S — R) C
Bs d(lCm*Z): since for d,; smaller than a constant ¢(KC) the latter deformation retracts onto
K™=2, whose m-dimensional homology is trivial, it follows that S — R is homologically
trivial.

We now let 4 and 1, be given as in the statements. We further fix £;, whose choice
will be specified later (but which will depend only on ¢;), and apply Lemma 3.3 with
€q = €4 and n, = ny. We therefore get the parameter 6, =: 6, (which will be the one
of the conclusion of the proposition) and, after fixing yet another v (whose choice will
now be dependent on R), we get the map ® satisfying the requirements of Lemma
4.8. The requirements (3) and (4) of Proposition 4.3 are then satisfied by construction.
Moreover estimate (2) follows from the isoperimetric inequality and from (1) and (3).
Indeed there is an integral current 7 such that 9T = S — R’ and

m+1

M(T) < C (M(S—R)) ™
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with C = C(M). Using (1) and (3) we then estimate
M(S — R) = [IS = R[|(By, (K" %)) < [|S[| By, (K" ) + [|R'[| (B, (K" ~2))

= ||SI|(By, (K™ 2)) + M(R') — ||S[[(M \ By, (K™ ?))
= 2||S||(By,, (K™ %)) + M(R') — M(S)

(11) < 2||8]|(By, (K™ %)) + e4MI(S) .

It remains to prove (1). Note that

M(R') < M(®4(RLBs, (K™ %)) + M(®4(RLM \ Bs,(K"~%)))

= M(®y(RL B, (K"2))) + M(®4(SL_M \ B;,(K" %))
< M(®4(RLB;,(K™%))) + (Lip ®)"M(S)

(12) < M(®4(RLBs, (K™ 2)) + (1 + &4)"M(S) .

Hence we apply Lemma 4.8 and infer
M(R') < C(1 + &)™ 27 M(R) + (1 + &4)"M(S) .

Next we fix £; sothat (1 +&,)" =1+ %d, and then we choose «y sufficiently small so
that .
C(1 + 22" 7" M(R) < STM(S).

Note that the choice of +, unlike that of ¢,4, will indeed depend on R and S. a

5 Proof of the main theorem

We begin with some preliminary lemmas.

Lemma 5.1 Let M be as in Assumption 1.3, K a smooth triangulation of M,
k€{0,...,m+n—1} and Us(XC*) as in Lemma 3.2. Then the complement of Us(K¥)
is homotopy equivalent to a complex of dimension m +n — k — 1.

Proof First we note that the complement of Us(KC) is a deformation retract of the
complement of Ik by Lemma 3.1 and Lemma 3.2, and therefore K \ Us(KC5) is
homotopy equivalent to K\ K¥; we then denote’

Kk =K\ K.

*With an abuse of notation between the simplicial complex and the ¢-image of the geometric
realization of the simplicial complex itself.
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Now we show that ¥ is homotopy equivalent to a complex of dimension m+n—k— 1,
and in particular that

(13) ]C/CC ~ ]CTJrnfkfl,

where /C, is the dual cell complex of the triangulation K, ¢fr. [24, §64]. To this aim,
we first show the following:

(14) Kk ~ Bs(K) — Bs(K"),

where Bs(+) is the barycentric subdivision and the operation Bs(K) — Bs(CK) represents
all simplexes of Bs(K) that are disjoint from Bs(XC¥). By definition, we have that

Kk = KK\ KF = Bs(K) \ Bs(KCh).

Hence (14) follows just by noticing that, in terms of simplicial complexes, Bs(KC¥) is a
full subcomplex of the complex Bs(K), i.e. every simplex of Bs(K') whose vertices are
in Bs(/CK) is itself in Bs(KC¥), and by applying [24, Lemma 70.1]. Since the complex
Bs(KC) — Bs(XC¥) corresponds exactly to the m 4+ n — k — 1-skeleton K +"~k=1 of the
dual cell structure of /C, (13) follows, and hence the final result. O

Lemma 5.2 Let h : T(¥") — K(Z,n) be a map representing the Thom class u €
H"(T(y"),Z). Then h is an n + 4-equivalence, for all positive integers n.

Proof The spaces are the same for n € {1,2}: T(3") is homotopy equivalent to the
circle S', which is a realization of K(Z, 1), while T(3%) is homotopy equivalent to
the infinite complex projective space CPP(c0), of type K(Z, 2). Hence, we can assume
n > 3. Towards an application of Theorem 2.3, we recall the computations of the
cohomology rings of K(Z,n) and of the classifying space BSO(n), for any group
coefficient Z, .

By Serre’s computations using spectral sequences of fibre spaces, the cohomology
H"(K(Z,n)) with Z, coefficients is generated by the Steenrod squares Sg*, Sq
(and Sq¢* if n > 4) for i < 4, see [25, Théoreme 3]. By calculations of Cartan with
coefficients in Z3, the cohomology H""(K(Z, n)) is generated by 7331 in dimensions
less than or equal to n + 4, while for Z, coefficients with prime p > 3 there are no
generators between dimension n and dimension n + 8, see for example [33, Chapitre I,
§8,§9]or [16, §10.5].

The cohomology ring of BSO(n) with coefficients in Z, is generated by the Stiefel-
Whitney classes wo, ..., w, of ¥, ¢fr. Proposition B.3, that is

H* (BSO(n), Zy) = Z [wa, w3, w4 ... wy].
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For odd primes and in dimensions i < 5, we have that, cfr. Proposition B.4,
H* (BSO(n), Z,) = Zy [p1] ifn+#4,
H*(BSO(4),Z,) = Zy|p1,e|, ifn=4.

For every p prime, let ®, denote the Thom isomorphism between H!((BSO(n), Zp) and
ﬁ””(T(ﬁ”), Zyp) and u,, the Thom class. Since by Proposition B.2 and [23, Theorem
19.7] we have!” that ®,(w;) = Sq'(uz) and ®3(p;) = Pi(u3), it follows that, for any
group coefficient Z,, the induced map in cohomology

nt ' (K(Z,n), Z,) — H(TGE"), Z,)

is an isomorphism for dimensions less than or equal to n 4+ 3 and a monomorphism in
dimension n + 4. Since K(Z, n) and T(¥") are simply connected, by Theorem 2.3, we
conclude that

m(K(Z,n), TY") =0 fork <n+4,

ending the proof. |

Remark 5.3 Lemma 5.2 shows that in particular that, for dimension m € {1,2,3,4}
and for any codimension n € N\ {0}, every homology class 7 € H,,(M,Z) is
represented by an embedded smooth submanifold ¥ in M. It is important to remark
that, by [33, p.56, footnote 9], we also know that every homology class of H,,(M,Z)
for m < 6 is representable by a smooth submanifolds, due to the vanishing of the
obstruction of the corresponding Poincaré dual x, Stg (x), where Stg represents (up to a
sign) the following cohomology operations, cfr. Remark 1.6,

S = 5" 0 Py 063 : H'(M, Z) — H™ (M, 2).

Proof of Theorem 1.1 Fix €. > 0, whose choice will be specified later, and an integral
current 7 in a homology class 7 € H,,,(M, Z). First of all apply Proposition 4.1 to
find a sufficiently small 6. > 0, a suitable triangulation K of the manifold and a new
integral current P’ =: S with the property that S is in the same homology class of T
and the following facts hold:

o M(S) < M(T) + 3¢, and F(S — T) < 3e;

o ISl By (K"2) < 3ec;

. Bgé(lC’"_z) is homotopy equivalent to K" ~2;

s SLM\ Bs,(K"2) = [I'] for a smooth submanifold T.

"®Denoting with a slight abuse p; for p; reduced mod 3.
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We observe the following important fact: if we first choose &, then 6., .. and % can
all be made smaller than any desired constant, while the triangulation is instead kept
fixed (because it depends only on €.).

We have now fixed a triangulation K and we can therefore fix constant Cy and & so
that Lemmas 3.1 and 3.2 apply. We now require that Vj, /z(lCm_z) CcC B(sé(/Cm_z)
for some 0./2 << ¢... Hence we apply Lemma 3.2 (where ¢’ < ¢ corresponds here
to 6./2 < 6/2) to find a Us /Z(IC’"*Z) suitably close to V; /Z(IC’"*Z). We will want
that Bs (K" ~2) C Us (K" ™?) C V5 ,(K" %) C V5(K"~?) C Bg (K" ~?). This step
requires to take g—z sufficiently small and & < 4. Define now 2 := M \ U; /2(IC’"*2).

The current [I'] obtained from Proposition 4.1 is (when restricted to €2 and not
relabelled) a smooth compact oriented submanifold of €2 with 9T" C 92, provided OS2
is transversal to I", which can be ensured via a small smooth perturbation. Denoting by
x € H"(M) the Poincaré dual of 7, note that its restriction x| € H"(Q2) to €2 is the
relative Poincaré dual of a relative homology class which is represented by the smooth
compact embedded submanifold I' C 2 with boundary OI' = I" N 0€2. Hence, by
Theorem 2.6, there exists a map

F:Q—=TH"

such that F*(u) = x| ; in addition, F' is smooth and transverse on BSO(n) (and such
that F/ £ is also transverse), so that F~/(BSO(n)) = I, which is the smooth part of S.

We then take § sufficiently small so that Q@ C M \ Us(KX™>) for the Us given in
Lemma 3.2. Then, by Lemma 5.1 we have that M \ Us(KX™~°) is homotopy equivalent
to a complex of dimension n + 4. Denote

Q= M\ Us(K" ™).

Given the n-dimensional cohomology class x € H"(M) which is the Poincaré dual of
7, we consider its restriction to 0, that is x| € H"(Q); note that x| can be represented
by a continuous map

g:0 = K(Z,n)

(in a suitable homotopy class of continuous maps) pulling-back the fundamental class
of K(Z, n) toitself, i.e. g*(1) = x|o- By Lemma 5.2 and Proposition 2.1, there exists a
map f : Q — T(¥") such that the diagram commutes, i.e. f pulls-back the universal
Thom class to x|g.
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("

-

Q 4g> K(Z7 I’l)

By the same construction of the second part of the proof of Theorem 2.6, we can
assume without loss of generality that f is smooth throughout Q \ f~!(U(c0)) and
transversal to (a sufficiently high dimensional approximation of) the zero cross-section
BSO(n) C T(3"), with Of also transversal to it. Hence, f~!(BSO(n)) is a compact
smooth m-dimensional embedded submanifold, with boundary contained in JQ; denote
it as

N = 1(BSO®)).

Moreover, N represents the relative Poincaré dual of X0 which equals j.(7) €
H,,(Q, 00), where j, : H,,(M) — H,,(Q, 00).

We next wish to extend [A] (which is an integral current in /M) to an integral current
N with the property that NL__M \ K> is a smooth submanifold with multiplicity 1
and NL_Q = [N]. First of all, because N is transversal to 9Q, we can extend it to a
smooth submanifold over the union Q' of Q with any smooth collaring extension of
00. We can then use Lemma 3.2 to find such an extension Q' (which consists of QUC,
where C is the smooth tubular neighborhood in Lemma 3.2) containing M \ Vi (K3)
for some &’ < § positive. Since A intersects OQ transversally, we can extend to a
smooth submanifold of Q' with boundary in 9Q’, meeting 9Q’ transversally. With
abuse of notation this extension is still denoted by A/. We can now use the map ® of
Lemma 3.4 and set

N = (I)ﬁ[[/\/‘]].

The latter current is integer rectifiable because ® is Lipschitz (and, in particular, N has
finite mass). Given that ® is a diffeomorphism over M\ ®~1(KX"=3) C M\ V(K™ ),
then NL M \ K™= = [%] for some smooth submanifold Y. Moreover spt(ON) C
K™=3 and in particular, by Federer flatness theorem, ON = 0, namely N is a cycle.

Consider now the two maps F : Q@ — T(H") and f : Q — T(") such that
F7'BSOm)) =T and f~'(BSO(n)) = N N Q. If we consider the restriction of
f to Q C Q, we obtain a new map f|o : Q — T(5") that pulls-back the universal
Thom class to xjq. By Lemma 5.1 we observe that 2 has the homotopy type of an
(n+1)-complex, so that by Corollary 2.2 we can conclude that F' and f|, are homotopic:
the homotopy can be taken smooth by [33, Lemme IV.5]. In particular, we define the
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smooth homotopy H : [0, 1] x €2 such that H(0, x) = fin(x) and H(1,x) = F(x). In
a small collar neighborhood C of 0 inside €2, which we identify with 02 x (0, 1],
we then glue the maps f and F' together. Using the notation x = (y,s) € C and after
defining a smooth function ¢ on [0, 1] which is identically equal to 0 in a neighborhood
of 0 and identically equal to 1 in a neighborhood of 1, we set

F(x) if x€ Q\C,
(15) f@ =< Hx () ifxeC,
f) ifxeQ\Q

Since T(3") \ {oo} is a smooth submanifold, it follows from [35, Proposition 2.3.4
(i1)] that we can find f : Q — T(H"), not relabelled, which is smooth throughout
0\ f~1(U(x0)), coincides with f(x) in a neighborhood of dQ and with F on M \
VS(IC’"_Z). Analogously, by [35, Proposition 4.5.10], we can perturb f so that it is
transverse to BSO(n) and coinciding with f(x) in a neighborhood of JQ and with F on
M\ V5(Km=2).

Consider now the submanifold %' of M \ K3 which consists of:
o Yin Vg (Km3)\ K3
« N on Us(K"=3)\ Vg (K"=5);
« /7'(BSO(n)) on Q.

This is a smooth submanifold because:

e fand ]AC coincide in a neighborhood of 0Q and hence f*I(BSO(n)) coincides
with V' in a neighborhood of dQ;

« ¥ = ®(N) =N inaneighborhood of OV (K").

Moreover, R = [¥'] is an integer rectifiable current with finite mass and such that
spt(OR) C K> ; in particular it is a cycle by Federer’s flatness theorem. Observe also
that R — § is supported, by construction, in Vg(lCm*2), which is homotopy equivalent
to K"=2, and thus has trivial m-homology. In particular R — S is a boundary, namely
R and S belong to the same homology class.

We now apply Proposition 4.3 to S and R, noticing that the €4 in Proposition 4.3 is
a parameter to be chosen in terms of the € of the statement of Theorem 1.1, and the
na in Proposition 4.3 is §/. here. This gives us a parameter d,, which depends on ¢4
and 0/. In turn we impose that 6 < 84 so that we can apply Proposition 4.3. Since
eq will be specified only in terms of M(7) and of ¢ in the statement of Theorem 1.1,
while ¢/ depends on &., which will also be specified only in terms of M(7) and ¢ in
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the statement of Theorem 1.1, the parameter 0 can be taken smaller than §;. We can
then find a current R’ := ®4R for a smooth diffeomorphism @ isotopic to the identity
such that

M(R") < (1 + &) M(S) < (1 + ex)(M(T) + 3¢,).
We therefore conclude that R’ is homologous to R, hence to S, and therefore to 7.
Moreover, if we choose

£4 3 +M(T)) < % and  3e, < %

then M(R) < M(T) + . Finally
F(T — R) < 3e.+F(S —R) < 3e. + Cleg M(S) + ZHSH(Bag(lcm_z)))mTH

< Bee + CleaMIT) + 20) + 620)
Therefore it is clear that a suitable choice of ¢4 and ¢, depending only on M(T') and ¢
suffices to how F(T — R') < e.

The proof of part (3) of Theorem 1.1 is analogous; by assumption we know that 7 is
represented by a smooth closed submanifold ¥ and hence, by Theorem 2.5 there exists
amap g : M — T(3") which pulls-back the universal Thom class u € H"(T(?"), Z) to
the Poincaré dual of 7. Substituting in the previous steps the map f with this new map
g, defined over the whole ambient space M, and defining a similar homotopy as that
one in (15), the result follows by applying Proposition 4.3 to S and [X], where S is the
integral cycle denoted P’ in Proposition 4.1.

6 Optimality of the main theorem

The codimension 5 construction in Theorem 1.1 is the best possible result in full
generality, as shown by Theorem 6.3.

We start by recalling Thom’s example of an integral homology class of dimension 7 in
an orientable smooth manifold of dimension 14 which is not realizable by means of a
submanifold, ¢fr. [33, Théoréme I11.9]'!.

""We remark that dimension 14 of the ambient space is not crucial: this example can be easily
adapted to the lowest possible dimension allowed, that is dimension 10; we also refer to [8]
for an example of a 7 dimensional integral homology class which does not admit a smooth
representative in a 10 dimensional manifold with torsion-free homology.
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Example 6.1 (Thom) For i = 1,2 consider the lens space L; := s7 /Z3, which is the
orbit space of the 7-sphere with the free action of Z3 generated by the rotation. Let v;
be generator of H'(L;, Z3) ~ Z3 and call u; = 33(v;) € H3(L;, Z3) ~ Z3. Consider the
smooth oriented 14-dimensional manifold L := L; x L, and the following cohomology
class, where the powers and - denote the cup product (seeing H*(L;) as embedded in
H*(L)):

y=ur vy () —vi - (w2)’ € H(L, Z3).

Note that y is actually the reduction mod 3 of an integral cohomology class, since y =
B3(v1 -va - (u2)?) and hence y = 63(x), with x € H'(L, Z) given by x = £*(v1 - v2 - (2)?),
cfr: Remark 1.6 for the notation. Denoting by z € H7(L, Z) its Poincaré dual homology
class, we see that z cannot be realized in L by a submanifold since

SBX) = B o P3(y) = B (1)’ - va - 2)*) = (uy - u)* # 0.

Remark 6.2 We remark that the obstruction to realizability comes from a cohomology
operation mod 3 and since y € H'(L, Z3), then the Poincaré dual of 3y can be realized
by a submanifold. In general, it is a theorem of Thom, cfr. [33, Théoréme I1.29], that
for every integral homology class z € Hx(M, Z) of a closed oriented manifold there
exists a non-zero integer N such that the class Nz is realizable by a submanifold.

Example 6.1 is the first example of innately singular homology classes: from a geometric
point of view, it represents a codimension 5 non-removable singularity which is the
geometric analogue of the algebraic obstruction given by the dual 3-torsion cohomology
operation Stg. In particular, Thom’s innately singular class can be represented by a
7-dimensional cycle T with a 2-dimensional stratum of singularities, i.e. a closed
(equisingular) 2-dimensional manifold S whose neighborhood is homeomorphic to a
product
St x C(CP(2)),

where C(CP(2)) denotes the cone over CIP(2); the innate nature of these singularities
turns out to be intrinsically linked to the well-known fact that CIP(2) does not bound
any compact oriented smooth 5-dimensional manifold, as observed in [29].

This geometric description is a consequence of another insightful work of Thom, cfr.
[34], where he studied manifolds with singularities partitioning them into partially
ordered strata of varying dimensions; each such stratum has a neighborhood which is
a locally trivial bundle with fiber the cone on a compact manifold with singularities,
whose partially ordered set of strata has smaller dimension. This gives rise to a recursive
construction that enabled Thom to understand and provide a geometric description of
singularities.
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We will now exploit the geometric obstruction theory described in [29] for reducing
the dimension of singularites of a cycle. In particular, suppose T is a triangulated
space of dimension m, and Sy its singularity locus of dimension s. Then, for every
s-dimensional simplex of S; we can consider its /ink, which is a well-defined (m—s—1)-
dimensional manifold; this link determines an element in a suitable cobordism group {2
and the sum of the singular simplices with these link coefficients forms a cycle which
defines an obstruction, that is
wr € Hy(Sr, Q).

If this obstruction vanishes, then it is possible to resolve the singularity by a blow-up
technique and reduce their dimension, cfr. [29, Theorem D]. Geometrically, this means
that any singular cycle representing a homology class can be resolved by replacing each
conic fiber of the top singularity stratum by compact manifolds bounding the links,
provided each link bounds a compact submanifold; the recurrence stops as soon as a
link of singularities which is not null-cobordant is met.

In particular, if T is an m-dimensional oriented geometric cycle, the natural obstructions
lie in

H(T, ),
where Q, denotes the r-dimensional oriented cobordism groupand r =m —s — 1,

which coincides with the dimension of the link of each s-dimensional simplex of Sr;
we refer to [23, § 17] for an introduction about the oriented cobordism graded ring €2,.

Theorem 6.3 Let 7z € H7(M, Z) be the Thom homology class of Example 6.1 and fix a
triangulation KC of the smooth oriented closed manifold M. Then it is impossible to find
a representative 3 for z which is a smooth embedded submanifold in the complement
of the 1-dimensional skeleton of .

Proof'’Denote by 7T the 7-dimensional cycle representing Thom’s homology class, and
consider its singularity locus Sy. Towards a proof by contradiction, assume that the
cycle is a substratified set of a Whitney stratification of M which only intersects the
one-skeleton /C!' of a triangulation compatible with the stratification'.

For each 1-dimensional simplex in the cycle we consider its link, which is a 5-dimensional
closed oriented manifold. Since the obstruction to the resolution of singularities is an
element of N

wr € Hi(Sr,Qs)

"’We are grateful to Dennis Sullivan for this elegant proof and enjoyable conversations.
“We refer to [34] and [20] for the notions about stratification theory.
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and the 5-dimensional oriented cobordism group 625 ~ Z,, by [29, Theorem D] the
cycle 27T can be resolved to the lower dimensional stratum, i.e. the zero-skeleton X°.

Analogously, the link of each vertex is a 6-dimensional closed oriented manifold and the
oriented cobordism group Qg is trivial; thus, there is no obstruction to a full resolution
of the singularities of 27T, and hence of 2z. This is clearly in contradiction with Thom’s
algebraic obstruction which is 3-torsion, and that cannot be resolved if we multiply
Thom’s homology class z by a factor 2; that is Stg (2y) # 0, where y is the Poincaré
dual of z. d

Remark 6.4 We remark that in [6, page 20] the counterexample to the construction is
not correct, since by [33, Corollaire I1.28] every 5-dimensional integral homology class in
an oriented closed smooth manifold is representable by a smooth embedded submanifold,
and hence part (3) of Theorem 1.1 provides the desired smooth approximation.

Remark 6.5 As a byproduct of the proof of Lemma 3.3, it is also possible to show
the following. Let M, 7 and T as in Assumption 1.3 and denote Sing(7T) its singular
set (in the sense of [15, Definition 0.2]). If H*(Sing(T)) = 0 for any k € {1,...,m},
then for every triangulation K of M there exists an integral current 77 homologous
to T such that Sing(7”) ¢ K*~! with 77 smooth in M \ I¥~!. Theorem 6.3 implies
that, in general, for an integral current T representing an integral homology class
7 € H,,(M, Z) it is not possible to conclude that H"3(Sing(T)) = 0.
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A Useful lemmas on triangulations and simplicial decomposi-
tions

In this section we collect a few elementary facts about triangulating regions which are
used in the paper.

A.1 Algorithm to subdivide a convex polytope

First of all, we understand a convex polytope P of R" as a closed convex set with a
finite number of extremal points. Given a convex polytope P C R we now describe
an algorithm to triangulate it. For any convex polytope we define its barycenter as the
point which is given by the convex combination of the extremal points with all equal
weights (if V1, ..., V), are the extremal points of P, then the baricenter is % Zi V).

First of all, a touching hyperplane 7 of P is an hyperplane such that

* 7N P is nonempty;

* P is contained in one of the two closed half-spaces bounded by 7.

If the dimension of P is strictly smaller than N, then we let the set F of faces of P
be the collection of convex subsets of P of the form P N 7, where 7 varies among all
touching hyperplanes. If the dimension of P is N we add to F the polytope P itself.

We subdivide F as
dim (P)

U Fka
k=0

where Fi; = {F € F : dim(F) = k}. Clearly F{ consists of points and it is the set
of extremal points of P (in particular, it is a finite set) and any other element of F is
necessarily the convex hull of some appropriate subset of Fj.

In order to triangulate P, we first observe that all 1-dimensional faces and all 0-
dimensional faces are by definition simplices of the corresponding dimension. We
then list the 2-dimensional faces. For each face F' which is not a triangle we consider
the barycenter b(F) and we decompose F into the triangles formed by b(F) and the
sides of F' (namely, the 1-dimensional faces of F). Note that the collection of all such
triangles (as F' also varies among all 2-dimensional faces) has the following property:
the intersection of any pair of such triangles is either empty, or a common vertex, or a
common side. Next, fix a 3-dimensional face F which is not a simplex. Each of its
2-dimensional faces G is decomposed in triangles 7’s in the previous step. Decompose
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F in the 3-dimensional simplices constructed as convex hulls of any such T and the
barycenter b(F) of F (we can think of them as pyramids with basis T and vertex b(F)).
We have decomposed all 3-dimensional faces into 3-dimensional simplices S. Any
pair of such S (irrespectively of whether they belong to the decomposition of the same
3-dimensional face or to the decompositions of two distinct faces) has the property
that their intersection is a common lower-dimensional face. We proceed inductively
increasing the dimension of the faces at each step until we reach (and include) the one
of highest dimension, namely P.

The following elementary lemmas will play an important role.

Lemma A.1 If P C R" is a convex polytope and A : RN — RN an affine invertible
map, then the triangulation 7' for A(P) obtained through the algorithm above coincides
with the image through A of the triangulation T obtained for P through the algorithm,
namely T' = {A(T): T € T}.

LemmaA.2 Let P, P’ C RN be two convex polytopes whose intersection is a common
face of both. Consider the triangulation T of P and the triangulation 7' of P’ obtained
applying the algorithm above. Then the union of the two triangulations is a triangulation,
namely: the intersection of an arbitrary element of T with an arbitrary element of T’
is a common face of both simplices.

A.2 Embedding convex polytopes into skeleta of refined triangulations
In this section we prove the following proposition.

Proposition A.3 Consider a finite family of convex m-dimensional polytopes {P;} in
R and a triangulation T of some closed subset of RN . Then there exists a triangulation
7Ty finer than T with the property that each polytope P; is union of elements of the
m-skeleton of T;. Moreover, the refinement of T is local in the following sense: if we
denote by T the collection of those N -dimensional simplices of T which intersect at
least one P;, then any simplex of T which does not intersect an element of T is not
refined (namely, it is also an element of Ty ).

We will give an algorithm to produce 7y. First of all, take all possible intersections of the
P;’s with N-dimensional simplices of 7. This gives a collection of new m-dimensional
polytopes P;: each of them is contained in an N-dimensional simplex of 7, which we
denote by T;.
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We start with Py. Because it is a convex polytope of dimension < N, we write it as
the intersection of a finite number of hyperplanes 7; and a finite number of closed
halfspaces H;. Then we build a finite collection H of pairs of halfspaces H; , H;" by
adding for each Hj+ := Hj the closure of its complement H;", and for ever 7; the pair
of closed halfspaces which have 7; as a boundary. We then subdivide 7' inductively in
smaller convex N -dimensional polytopes in the following way. In the first step we keep
T if it is contained in one of the two halfspaces {H; , H; }, otherwise we replace it
with the pair {H fr NTi,H NT}. Atstep j we assume to have a finite collection of
closed convex N-dimensional polytopes and each of them is kept if it is contained in
one of the two halfspaces H jfrl Hiyy, otherwise it is replaced by the two intersections
with them.

The resulting collection is a partition of 7' into convex polytopes with the property that
any two faces of any two polytopes intersect in a common face. Moreover, the original
P, is the m-dimensional face of some convex polytope of this partition. We apply to
each of these N-dimensional polytopes the triangulating algorithm of Section A.1 and,
by Lemma A.1, we obtain a triangulation of 7. However, T| has faces in common
with other simplices of 7~ which are not yet partitioned. In order to remedy, we proceed
inductively as follows. We first denote by S; be the collection of k-dimensional faces
of T}; we start with the edges S; and add to S, every triangle of 7 which contains
an edge o € S; and add it to S;. The new triangles are triangulated compatibly with
the elements of S; by adding its barycenter and connecting it with edges to all its
vertices and all the new points in the edges of S that it might contain. Observe that
this procedure does not subdivide any edge of the initial triangulation 7 which is not
in ;. Similarly, at step j we enlarge Sjy; with all the j + 1-dimensional simplices
which contain an element of S; as a face. Each new simplex S added is triangulated by
considering its barycenter b(S) and subdividing S into the pyramids which:

* have vertex b(S) and basis a j-dimensional face F of S, in case F does not
belong to S;;

* have vertex b(S) and basis a j-dimensional simplex of the subdivision of the face
F € §; obtained so far inductively if the other case;

We stop the procedure when we have subdivided the final new elements added to the
collection Sy. The final result is a triangulation.

Observe that, by construction, in the new triangulation 7; the polytope P; is the union
of elements of the m-dimensional skeleton.

We now proceed inductively with the subsequent polytopes. However, observe that,
at the j + 1-th step, the simplex 7j,; might not be an element of the triangulation 7;.



44 Frederick AlmgrenT, William Browder, Gianmarco Caldini and Camillo De Lellis

However, if that is the case, by construction there is a collection C of N-dimensional
simplices of 7; whose union is precisely 7j, . The first subdivision algorithm in which
we intersected 77 with halfspaces is in this case applied simultaneously to all of the
elements of C. This then results into a subdivision S of T}, into convex polytopes
which has the two properties of the subdivision obtained in the previous argument for
T, . This subdivision has however the additional feature that, for any element C of C,
there is an appropriate subcollection S’ of S which is in fact a subdivision of it. The
remaining part of the algorithm outlined above is then applied verbatim and the result is
the next triangulation 7.

A.3 Embedding polytopes in skeleta of refinements of polyhedra

In this section we extend the algorithm of the previous subsection to handle more
general piecewise linear ambient closed manifolds. For simplicity we assume that the
latter are suitably embedded into some higher-dimensional Euclidean space.

Definition A.4 A finite polyhedron in R is the collection of finitely many simplices
of RV,

A finite poyhedron K always admits a finite triangulation, namely a finite collection of
simplices 7 with the following properties:

* Any face of an element of 7 belongs to T ;

* The intersection of any two elements of 7 is always either empty or a face of
both;

¢ The union of the elements of T is K.

Although this is a classical fact, note that it is also a consequence of Proposition A.3.

Definition A.S We will consider continuous maps f over finite polyhedra K taking
values into a smooth manifold M. Such maps f will be called piecewise smooth if there
is a triangulation 7 of K with the property that the restriction of f to every simplex
in 7 is smooth. The map will be called a piecewise smooth homeomorphism if in
addition it is an homeomorphism with the image and if the triangulation can be chosen
so that, for every simplex o € T, the differential D(f|,) of the restriction of f to ¢ has
maximal rank at every point. When such a map exists between some polyhedron K and
some smooth compact manifold M without boundary, we say that K is an embedded
piecewise linear closed submanifold of RV
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It is a classical result of Whitehead that if f : K — M is a piecewise smooth
homeomorphism, then every pair of triangulations of K admits a further triangulation
which is a common refinement of both.

The generalization of Proposition A.3 that we are looking for is then the following.

Proposition A.6 Consider a polyhedron K which is a piecewise linear m + n-
dimensional submanifold of RY, let {P;} be a finite collection of m-dimensional
convex polytopes all contained in K, and let T be a triangulation of K. Then there is a
triangulation Ty of K which refines T and has the property that every P; is the union
of finitely many elements of the m-skeleton of Ty .

We quickly describe how to modify the algorithm explained in Section A.2. As in
there, we intersect the polytopes with the m-dimensional simplices of 7, reducing the
proposition to the case in which each P; is contained in an m + n-dimensional simplex
of T;. Moreover, as in there, we refine 7o = 7 into 71, 73, and so on, “embedding”
one P; at a time.

At the starting step the algorithm gives first a way to triangulate 77 so that P; is the
union of the m-skeleton of this local triangulation. In the argument, 7 is supposed to
be an m + n-dimensional simplex of R but this can be easily achieved identifying
the m + n-dimensional affine plane 7 containing 77 with R™*". We then further
triangulate all simplices of 7 which intersect T, proceeding inductively from the lower
dimensional ones. Since at each stage of this second algorithm a single simplex is
considered at a time, we can think of this as also taking place in some Euclidean space.

At the inductive step, when embedding P;; into a refinement of 7;, the only difference
is that the first subdivision is carried over all at once on all the m 4 n-dimensional
simplices C; of 7; which are contained in 7. Again, the only important point is that,
like above, T;1 is an m + n-dimensional simplex. The second part, which refines the
triangulation of 7; over all simplices intersecting at least one element of C;, is the same
as in the initial step.

B Cohomology operations and characteristic classes

In this section we collect a few results about cohomology operations, characteristic
classes and the cohomology of BSO(n), see also [31, 27, 23, 16].



46 Frederick AlmgrenT, William Browder, Gianmarco Caldini and Camillo De Lellis

B.1 Cohomology operations

A cohomology operation of type (m, n; p,m) is a family of functions
QX : Hn(Xa 7T) — Hm(Xa p)a

one for each space X, satistying the naturality condition f*0y = 0x f* for any map
f : X — Y. The set of cohomology operations of type (7, n; p, m) can be denoted by
O(m,n; p,m). A cohomology operation 6 is said to be additive if fx is a homomorphism
for every X. An important result on the classification of these operations in terms of the
cohomology of Eilenberg-MacLane spaces is the following.

Theorem B.1 There is a one-to-one correspondence
O(m, n; p,m) — H*(K(7, n), p),

given by 0 — 6(.,), where t,, is the fundamental class of K(m,n).

The Steenrod squares Sq', i > 0, are additive cohomology operations of type
(Zo,n; Lo, n + i),
Sq' : H'(X, Z) — H"V'(X, Zo),

defined for all n and such that
(1) Sq° = 1, the identity;
(2) if degu = n, then Sq¢"u = u — u;
(3) if i > deg u, then Sq'u = 0;
4) if u,v € H*(X,Z,), then
qu(u — V) = Z Sqiu — Sq"v.
i-+j=k
This condition is usually called Cartan formula.

The above properties characterize the cohomology operations Sqg'. It is then possible to
prove existence and uniqueness of such operations, cfr. [28]. From the above properties
it is possible to derive the following.

(5) Sq' is the Bockstein homomorphism 3 induced by the short exact coefficient
sequence

0—Zyp — 74— Zy — 0,
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(6) if 0 <a < 2b, then

92 o
sgsq = 3 ( s )Sq“erJSqJ,
=0

where the binomial coefficient is taken mod 2. These relations are usually called
Adem relations;

(7) Sq'(o(u)) = 0(Sq'u), where o : H'(X, Z,) — H'T1 (XX, Z,) is the suspension
isomorphism given by reduced cross-product with a generator of H'(S', Z,) and
>.X the reduced suspension of X.

This last property says that the Steenrod squares are stable operations, i.e. they commute
with the cohomology suspension operation.

There are analogous additive operations for odd primary coefficients: the reduced
Steenrod p" -powers P' of type O(Zy,n; Zy,n + 2i(p — 1)) for p an odd prime!# and
written
P H(X, Z,) — B0 D(X, 7).
They satisfy the following properties.
(1) P° =1, the identity;
(2) if deg u = 2i, then Plu = u — --- — u, p times;
(3) if 2i > deg u, then P'u = 0;
4) if u,v € H*(X,Z,), then
Pru —v) = Z Plu — Ply.
i+j=k
This is the Cartan formula;

In analogy with Steenrod squares, the above properties characterize the cohomology
operations P': it is then possible to prove existence and uniqueness of such operations,
cfr. [28]. From the above properties it is possible to derive the following.

(5) Pi(oc(w)) = o(P'u), where o : H(X,Z,) — H""1(ZX, Z,) is the suspension
isomorphism given by reduced cross-product with a generator of H'(S', Z,);
(6) if a < pb, then

la/p] .
PPr = ()Y <(p ~ =i - 1>P“+b—f7>f.
= a—pj

These are the Adem relations.

'*Sometimes the notation 73; is used to highlight the coefficient group Z, .
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We note that by the Adem relations, the operation Sg**! is the same as the composition

Sq'Sq* = 3Sq*, so that S¢* can be understood as P! for p = 2.

Another additive cohomology operation for odd primary coefficients is the Bockstein
homomorphism 3, of type O(Zy,,n;Z,,n + 1) for p an odd prime and written

B, H'(X,Z,) — H"" (X, Z,),
which is obtained from the short exact coefficient sequence 0 — Z, — Z,» — Z, — 0.

Composition endows the set of stable cohomology operations with a natural ring
structure: this ring is known as the Steenrod algebra and usually denoted by A,. The
Steenrod algebra A, is defined to be the the algebra over Z, that is the quotient of the
algebra of polynomials in the noncommuting variables Sq', i > 1, by the two-sided
ideal generated by the Adem relations. Analogously, the Steenrod algebra .4, for odd
p is defined to be the algebra over Z, formed by polynomials in the noncommuting
variables (3,,, P!, i > 1, modulo the Adem relations and the relations ﬂg = 0. Thus, for
every space X, H*(X, Z,) is a module over A, for all primes p; the Steenrod algebra
is a graded algebra with the elements of degree i being those that map H"(X, Z,) to
H' (X, Zyp) for all n. Itis possible to prove that A, is generated as an algebra by the
elements quk and A, for p odd prime is generated by 3, and the elements prt

More generally, let R be a commutative ring with unit. We recall that on the category
of free chain complexes C over R and short exact sequences of R modules

(16) 05645656 -0
there is a functorial connecting homomorphism
g* :H*(C,G") — H*(C,G")
of degree 1 and a functorial exact sequence
. S HYC,G) S H(C,6) LS AN C, 6" L Y (C, G = ...

cfr. [27, Theorem 4.5.11]. The connecting homomorphism S* (sometimes just
denoted 8 when the coefficient group is clear from the context) is called the Bockstein
cohomology homomorphism corresponding to the coefficient sequence (16).

B.2 Characteristic classes

We define Stiefel-Whitney cohomology classes of a vector bundle axiomatically. For a
proof of existence and uniqueness of cohomology classes satisfying these 4 axioms we
refer to [23].
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(1) To each real vector bundle & with base space B(£) there corresponds a sequence
of cohomology classes

wi(€) € HI(B(€),Z,), i=0,1,2,...,

called the Stiefel-Whitney classes of £. The class wy(€) is equal to the unit
element

1 € H'(B(©), Z2)
and w;(€) equals zero for i > n if £ is an n-plane bundle.

(2) (Naturality) If f : B(¢) — B(n) is covered by a bundle map from & to 7, then
wi(§) = frwi(n).

(3) (Whitney Product Theorem) If £ and 7 are vector bundles over the same base
space, then the Stiefel-Whitney class of a direct sum is the cup product of the
summands’ classes

k
WD) = wi§) — wei(1).

i=0

(4) For the canonical line bundle!’ 711 over RP(1), the Stiefel-Whitney class wl(yll)
1S non-zero.

Proposition B.2 Stiefel-Whitney classes w;(€) € H!(B) can be characterized in terms
of the Steenrod operations by showing the following equality:

wi(€) = ®7'S¢'®(1) = ¢~'Sq'u,
where ® is the Thom isomorphism and u € ﬁ”(T(f), Z,) is the Thom class of £.

This shows that w;(£) is the unique cohomology class in H/(B) such that ®(w;(£)) =
Twi(€) — u is equal to S¢'®(1) = Sq'u, cfr. also [32].

All the discussion about Stiefel-Whitney classes works analogously for complex vector
bundles, except that for complex vector bundles all the cohomology classes belong to Z
coefficient cohomology: they are called the Chern classes. One possible way to define
Chern classes is the following.

SLet E(7,) be the subset of RP(n) x R"*! consisting of all pairs ({£x},v) such that the
vector v is a multiple of x. Recall that the canonical line bundle over the real projective space
RP(n) is the vector bundle 7 : E(y!) — RP(n) defined by 7({4x},v) = {#x}. Thus each
fiber 7~!({£x}) can be identified with the line through x and —x in R"*!; each such line is to
be given the usual vector space structure.
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There is a unique sequence of functions cg, ¢, ¢2, - - - assigning to each complex vector
bundle w with E 5 B a class c;(w) € H¥(B, Z), depending only on the isomorphism
type of w, such that:

(1) co(w) equals the unit element 1 € H°B,Z) and ¢j(w) =0 fori > nif w a
complex n-plane bundle;
2) ci(f*(w)) = f*(ci(w)), for a pull-back bundle f*(w);

(3) if w; is a complex n-plane bundle and w, a complex m-plane bundle, then

k
cr(w) @ wr) = Zci(wl) — Cr—i(w2);
i=0

(4) for the canonical line bundle w with E = CP(1), c¢|(E) is a generator of
H?(CP(1), Z) specified in advance.

We now define the Pontryagin classes p;(&) € H¥(B, Z) associated to a n-plane bundle
¢ in terms of Chern classes. For an n-plane bundle £ with E — B, its complexification
is the complex n-plane bundle £€ with EC — B obtained from the real n-plane bundle
& @ € by defining scalar multiplication by the complex number i in each fiber R” & R”
via the rule i(x, y) = (—y,x). Thus, each fiber R" of & becomes a fiber C" of £C. The
Pontryagin class p;(£) is then defined to be

pi(§) := (=1en(€") € HY(B, 2).
Let & be an oriented (real) n-plane bundle £ = B and consider the restriction
homomorphism H*(T(£),Z) — H*(E,Z) induced by the inclusion and denoted as

y = y|g- In particular, applying this homomorphism to the Thom class u € ﬁ”(T(£ ), 7)),
we obtain a new cohomology class

ue € H'(E, Z).

Recalling that H"(E, Z) is canonically isomorphic to H*(B, Z), we can define the Euler
class of an n-plane bundle £ as the cohomology class

e(§) € H'(B, Z)

corresponding to g under the isomorphism 7* : H*(B, Z) — H"(E, Z).

B.3 Cohomology of BSO(n)

In this subsection we describe the mod p cohomology of the classifying space for
oriented n-plane bundles BSO(n).
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We recall that the mod 2 cohomology of BSO(n) can be computed as follows, cfi: [23,
Theorem 12.4].

Proposition B.3 The cohomology H*(BSO(n), Z;) is a polynomial algebra over Z,,
freely generated by the Stiefel-Whitney classes wy(7"), ..., w,(7").

The cohomology ring of BSO(n) with coefficients in an odd prime p has the following
structure, cfr. [23, Theorem 15.9].

Proposition B.4 If A is an integral domain containing 1/2, then the cohomology ring

H*(BSO(2n + 1), A)

is apolynomial ring over A generated by the Pontrjagin classes p1 (72", ..., p,(3*" ).

Similarly,
H*(BSO(2n), A)

is a polynomial ring over A generated by the Pontrjagin classes py(3*"), . . ., pa—1(3*")

and the Euler class e(3*").

That is, for every value of n, even or odd, the ring H*(BSO(n), A) is generated by the
characteristic classes pi,...,p|, 2|, and e. These generators are subject only to the
relations e = 0 for n odd and ¢ = p, /2 for n even.
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C List of symbols

Here we list some notations of the article:

K
B5(A)
Vs(KY)
Us(K)
spt(T)
BSO(n)
T
K(m, n)
Sqi

Pi
B
Wi
pi

s tI%r(p— D+1

Jj-skeleton of the triangulation /C;

d-neighborhood of A, i.e. {x : dist{x,A} < d};
neighborhood of X/ defined in Subsection 3.1;
neighborhood of X/ with smooth boundary defined in Lemma 3.2;
support of the current T’

classifying space for oriented n-plane bundles;
universal oriented n-plane bundle over BSO(n);
Thom space of the universal oriented n-plane bundle;
Eilenberg-MacLane space of type (, n);

Steenrod squares;

Steenrod reduced p" power for odd prime p;
Bockstein homomorphism for odd prime p;

i" Stiefel-Whitney class of 3";

i" Pontrjagin class of 7";

Euler class of 4";

Thom’s Steenrod powers defined after Remark 1.6;
r-dimensional oriented cobordism group.
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