Conformal Structures in Geometry
for Liviu Ornea’s 60th birthday!

Examples emerging from LCK geometry

Daniele Angella

joint work with Maurizio Parton and Victor Vuletescu

Dipartimento di Matematica e Informatica "Ulisse Dini"
Universita di Firenze

July 16, 2020



Summary

E

=) ) &

Oeljeklaus-Toma manifolds:
m generalizing Inoue-Bombieri
m construction based on algebraic number theory
m complex non-K3hler manifolds
m LCK metrics
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Summary

Oeljeklaus-Toma manifolds:
m generalizing Inoue-Bombieri
m construction based on algebraic number theory
m complex non-K3hler manifolds
m LCK metrics

We prove:
m line bundles on OT are flat

m OT of simple-type are rigid under complex deformations
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Oeljeklaus-Toma manifolds

construction

m k algebraic number field,
ie. k>~ Q[x]/(f) for f € Q[x] monic of degree n = [k : Q]

m ~ it admits n = s + 2t embeddings:
01,...,0s: k = R,

O'5+]_,...,O'5+t,5'5+1,...,5'5+t1 k—C



Oeljeklaus-Toma manifolds

construction

m Oy := ring of algebraic integers has rkzy Oy = s + 2t
Define Oy O CS**t by translations

Ta(z1y .-y Zs4t) == (21 + 01(2), . . ., Zs+t + 051+£(a))

m O := group of units has tkz O =s+t—1
Define O © Ct* by rotations

Ru(zi, ..y zsyt) == (o1(u) - 21y .. ., 0stt(U) - Zstt)



Oeljeklaus-Toma manifolds

construction

m Oy := ring of algebraic integers has rkzy Oy = s + 2t
Define Oy O CS**t by translations

Ta(z1y .-y Zs4t) == (21 + 01(2), . . ., Zs+t + 051+£(a))

m O := group of units has tkz O =s+t—1
Define O © Ct* by rotations

Ru(zi, ..y zsyt) == (o1(u) - 21y .. ., 0stt(U) - Zstt)

m Consider
O x O,f ¢ CsTt



Oeljeklaus-Toma manifolds

construction

m Ok X OF O C°** has fixed points on R® x C*
~~ Consider
Ok x O O H® x C*

where O:’+ := subgroup of totally-positive units



Oeljeklaus-Toma manifolds

construction

m Ok X OF O C°** has fixed points on R® x C*
~~ Consider
Ok x O O H® x C*

where O:’+ := subgroup of totally-positive units
m O X (’):’Jr O H* x C! is free but not properly-discontinuous:

k7 O +1k7 O = (s +2t) + (s +t—1) > 2(s + t)



Oeljeklaus-Toma manifolds

construction

Thm (Oeljeklaus, Toma)
For any s, t, there exists U C O;:’Jr of tky, U = s such that

O x UOH® xCt

is fixed-point-free, properly-discontinuous, co-compact.
Set
X(k,U):=H*xC' /O x U

Say X(k, U) simple-type if there is no intermediate extension Q C k' C k
compatible with U



Oeljeklaus-Toma manifolds

properties

m s =t =1 gives Inoue-Bombieri surface

Kod = —o00, by =5, by = (;) [OT; Istrati-Otiman]
Dolbeault cohomology and Frélicher
[Tomassini-Torelli; Otiman-Toma]

m LCK for t = 1, non-IcK for s < t, non-Vaisman
[Tricerri; OT; Vuletescu; Dubickas; Kasuya]

m OT are locally-homogeneous solvmanifolds [Kasuya]
m OT have no curves, no surfaces except Inoue [S. Verbitsky]
= Q}, Ox, Kg* are flat, no global sections [0T]



Line bundles on OT

flatness

Thm (DA, Parton, Vuletescu)

Any line bundle on Oeljeklaus-Toma manifold is flat.



Line bundles on OT

flatness — proof

Proof (continue. . .)

0—>Zx Ox o)




Line bundles on OT

flatness — proof

Proof (continue. . .)

1(X; Zx) —> HL(X; Ox) — H(X; O%) — H3(X; Zx) —> H2(X; Ox)

H K k | §

Y(X; Zx) — HY(X; Cx) — HY(X; Cx) — H?(X; Zx) — H?(X; Cx)



Line bundles on OT

flatness — proof

Proof (continue. . .)

1(X; Zx) —> HL(X; Ox) — H(X; O%) — H3(X; Zx) —> H2(X; Ox)

H K k | §

Y(X; Zx) — HY(X; Cx) — HY(X; Cx) — H?(X; Zx) — H?(X; Cx)

Claim A dim HY(X;Ox) = s
Claim B g: H?(X;C) — H?(X; Ox) injective



Line bundles on OT

flatness — proof

Proof (continue. . .)

X :=H° x Ct

NA\

OxxU X2 = H* x Ct/Ok

/

X:=H*xC'/Ox x U



Line bundles on OT

flatness — proof

Proof (continue. . .)

X :=H° x Ct

NA\

OxxU X2 = H* x Ct/Ok

/

X:=H*xC'/Ox x U

Lyndon-Hochschild-Serre spectral seq of 0 - Ox — Ok x U — U — 0 wrt
R = H°(X; Ox):

0 = C° — HY(X; Ox) — HY(X?; Oxw)! — H?(U; Cy) — H?(X; Ox)



Line bundles on OT

flatness — proof (claim A)

Proof (continue. . .)

Claim A is consequence of
Claim A" HY(X?; Ox)Y =0



Line bundles on OT

flatness — proof (claim A)

Proof (continue. . .)

Claim A is consequence of
Claim A" HY(X?; Ox)Y =0

m X2 — C!/T hol fibre bundle with Stein fibres

m Borel-Serre: Hg’l(Xab) o~ Hg’l(B;OF)

u take [o] = {Zjﬁ(w,z)dfj} in HL(X%; Oy)

= we claim it has a flat representative }_; ¢;dZ; € [a]:
m we formally solve g% = f; — ¢; by Fourier expansion

m regularity follows by Subspace Theorem



Line bundles on OT

flatness — proof (claim B)

Proof (continue. . .)

Lyndon-Hochschild-Serre spectral seq of 0 — Ox — Ok x U — U — 0 wrt
S = H°(X;Cy):
0 — C° — HY(X;Cx) = HY(X®®; Cya)Y — H?(U;Cy) — H?(X;Cx)



Line bundles on OT

flatness — proof (claim B)

Proof (continue. . .)

Lyndon-Hochschild-Serre spectral seq of 0 — Ox — Ok x U — U — 0 wrt
S = H°(X;Cy):
0 — C° — HY(X;Cx) = HY(X®®; Cya)Y — H?(U;Cy) — H?(X;Cx)

The map Cyz — Oy induces

0 ——> C* —— HY(X; Cx) —g HH(X?: Cxan)! —— H2(U; Cu) —> H2(X; Cp) s>

| -

0 —— C° —— HY(X; Ox) <=2 HY(X?; Oxan )V —— H?(U; Cy) — H2(X; Ox)

q

Claim A’

0



Line bundles on OT

cohomology vanishing

Thm (APV)

For X = X(K, U) Oeljeklaus-Toma manifold, for p: U — C*
faithful representation with associated line bundle L,, then
HY(X;L,) = 0 unless p = 5;* for some i{t +1,...t +s}.



Rigidity of OT

Cor (APV)

Oeljeklaus-Toma manifolds of simple-type are rigid under
deformations of the complex structure.

Proof.
The holomorphic tangent bundle splits as

s+t

ox =P Ly,
j=1

so HY(X;©x) = 0, unless o; *(u) = Ej_l(u) for some i € {1,...s+ t},
je{s+1,... s+ t}; but this does not happen if simple-type. OJ

Rmk
For t = 1: Braunling



Auguri Direttore!!




Auguri Direttore!!

"Dieci anni era un traguardo solenne, per la prima volta si scriveva

I'eta con doppia cifra. L'infanzia smette ufficialmente quando si
aggiunge il primo zero agli anni.”



